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Abstract

This work is aimed to study the bandgap property of a thin plate structure with periodically attached
bilayer membrane-type resonators. An analytical method based on the Plane Wave Expansion
(PWE) method combined with the Rayleigh method, is proposed to predict the bandgap property
of bilayer membrane-type metamaterials. The accuracy of the proposed method is verified by the
finite element analysis, and a parametric analysis is conducted to reveal the effect of parameters on
the bandgap performance. It is found that such a metamaterial can generate two separated bandgaps
through the contribution of its two layers of membranes. It is observed that the increase of
membrane tensile stress or the magnitude of attached mass can lead to the broadening of bandgaps,
whilst the change of unit cell’s periodicity has the opposite effect. In addition, if compared with the
corresponding single layer membrane-type metamaterials, it is shown that the bilayer membrane-
type’s first bandgap is suppressed while the second one is extended. However, by applying proper
membrane tensile stress and mass magnitude, the suppression of the first bandgap can be weakened
whilst allowing the tuning of the bandgap location. These characteristics reveal the benefits of using
bilayer membrane-type metamaterial as it possesses higher agility in bandgap tuning. The proposed
method can provide an effective tool for the bilayer membrane-type metamaterial design and
optimisation.

Keywords: membrane-type metamaterial; bilayer membrane-type resonator; bandgap
property; vibration absorption.

1. Introduction

Phononic crystals and acoustic metamaterials are manually engineered structures that can generate
bandgaps over certain frequency regions within which the propagation of elastic and acoustic waves
can be manipulated [1, 2, 3, 4]. Phononic crystals are formed by periodically located unit cells in a
certain lattice constant and as a result, the formation of bandgap in a phononic crystal is mainly
attributed to the Bragg scattering [5]. Under this mechanism, it requires the unit cell’s lattice
constant to be in the same order of magnitude of the wavelength. Consequently, the structure size
has to be large when it is utilized for application in low-frequency regions. The study undertaken
by Liu et al. [6] broke this phononic crystal’s limitation by proposing an acoustic metamaterial that
can generate bandgap through a localized resonance phenomenon. This type of metamaterial is
composed of unit cells that can function as independent resonators [7]. When the incident wave’s
frequency is close to the resonant frequency of the unit cells, the resonance modes will be excited
and absorb most of the vibration energy and store it within the cells. Thus the vibration of the



primary structure is suppressed. Since then, an increasing amount of literature has investigated the
locally resonant type metamaterial and various designs have been proposed [8, 9, 10]. As the
triggering of locally resonant only depends on the incident frequency, it can thus ignore the
Rayleigh scattering barrier and control the wave propagation in subwavelength structure sizes [11].

In the acoustic metamaterial field, metamaterial designs have been proposed to achieve satisfactory
sound isolation or absorption performances [12, 13, 14]. In 2008, Yang et al. [15] published a paper
in which they proposed a membrane-type acoustic metamaterial (MAM) for sound isolation
purposes. The MAMs are formed by low surface mass density unit cells. A unit cell is composed
of a pre-stressed elastic membrane with attached mass platelet, and a rigid frame on which the
membrane is fixed [16]. This particular configuration has the advantages of being light-weight,
easy to manufacture and relatively low cost. Such a design enables the MAMSs to possess sound
absorption and isolation capabilities despite the mass-law limitation [17, 18, 19, 20].

However, most studies on MAMs were primarily focused on sound isolation or absorption
applications, with a limited number of studies on vibration control applications. Sun et al. [21]
investigated the membrane-type resonator’s performance as a tuned mass damper. The research
work indicated that by attaching two membrane-type resonators to an aluminium beam, the
structural vibration can be attenuated effectively. Sun [22] proposed a membrane-type sample with
multiple mass platelets attached on a rectangular membrane and experimentally demonstrated that
this structure possessed a better vibration damping performance than a commercial damping
material. These research works revealed the feasibility of using membrane-type resonators for
structural vibration control applications. However, there are still areas that need further
investigation, such as the effect of membrane-type resonator’s parameters (e.g. material property,
membrane tensile stress, the magnitude of attached mass) on the vibration absorption performance,
and methods for fast prediction of MAMs’ bandgap property.

In addition to studies focused on single layer MAMSs, some researches have been undertaken for
investigating the use of MAMs with bilayer membranes, and it was found that bilayer structures
can achieve a better sound isolation performance than a single layer type [23, 24]. A multiple
layered membrane-type metamaterial can generate a number of bandgaps. In order to achieve an
enhanced vibration control performance, these bandgaps can be merged into a large continuous one
by proper parameter tuning [25]. Multiple layered MAMSs can be easily formed by stacking several
single layer MAMSs and it requires no extra occupied area on the primary structure.

Moreover, it is observed that the bandgap mechanism of a MAM mainly depends on the
fundamental mode resonance of the resonators [26]. Thus, the prediction of membrane structure’s
fundamental resonant frequency will be a key design factor for MAMs. There were several methods
proposed for the calculation of the membrane-mass model’s resonant frequencies [27, 28].
However, limited studies have focused on the prediction of membrane-type metamaterial’s
bandgap property in terms of the bandgap location and width. Chen et al. [29] introduced a
theoretical model for predicting the sound absorption performance of MAM. The model based on
a vibroacoustic plate model in conjunction with the point matching method and it can conduct
accurate prediction for the resonant frequencies. Tensile stress applied to the membrane structure
was not considered as an independent design parameter. When designing and optimising a MAM
for a particular application, the prediction of the design parameters’ effects on the bandgap property
is essential. Commonly, it is achieved by undertaking the finite element analysis (FEA) [30] on
MAMs. However, the FEA-based optimisation process for optimising the design parameters can
be computationally costly and time-consuming. In contrast, the use of an analytical model allows
optimisation of design parameters to be more rapidly and convenient.

Hence, in this work, an analytical model that can predict the bandgap property of the composite
meta-structure is proposed. It provides a convenient optimisation tool that allows rapid predictions
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of the bandgap location and width. In contrast with the previous work that mainly focused on the
prediction of bandgap location, the proposed model could be used to predict both bandgap width
and location. It incorporates the design parameters as independent variables so it is convenient to
study their effects on the bandgap property. This study allows the development of design guidelines
for the proposed membrane-type metamaterials for vibration control applications.

The paper is structured as follows: Section 2 introduces the structure of the membrane-type
metamaterial and presents its theoretical background. Section 3 presents the bandgap of an infinite
metamaterial structure and the effects of different design parameters to the vibration control
performance. Section 4 illustrates the FEA simulation results that validate the accuracy of the
proposed method, while Section 5 provides the conclusions of the work.

2. The modelling of bilayer membrane-type resonators

In this work, a model of bilayer resonator attached to a thin plate is employed. The model is
schematically depicted in Figure 1. Two single layer membrane-type resonators are stacked
together to form a bilayer membrane-type resonator. Hollows are made on the side of the frame so
to minimize the effect of air loading when it is assembled. The elastic membrane is pre-stressed
and fixed onto the upper surface of the rigid frame whilst a mass is attached at the centre of the
membrane. The materials of membrane, mass and frame are chosen to be silicon rubber, copper
and epoxy, respectively.

The geometrical parameters and material property of the membrane-type resonators and the
primary plate structure are given in Table 1. For a square frame, the sides lengths are defined as a;
= a, = a. Since the bilayer membrane-type resonators are attached periodically onto the thin plate,
the lattice constant of the formed metastructure equals to side length a.

E a2

(@) (b)

Figure 1. (a) The configuration of stacked membrane-type resonators attached to a thin plate; (b) The periodic
structure of the metamaterial plate and its corresponding Brillouin zone. The membranes, masses, frames and the thin
plate are represented by yellow, white, red and black colours respectively.



Membrane Frame Plate
Side length L (mm) 50 Side length a (mm) 60 -

Thickness t (mm) 0.1 Height H (mm) 5 Thickness (mm) 2
E (MPa) 1.9 E (GPa) 2.65 E (GPa) 70
Poisson's ratio 0.48 Poisson's ratio 0.41 Poisson's ratio 0.33

Density (kg/m?®) 980 Density (kg/m?) 1100 Density (kg/m?) 2700

Table 1: The geometrical parameters of membrane-type resonators

2.1 The estimation of equivalent stiffness for a membrane-type resonator system
The membrane-type resonator’s structure can be simplified to a mass-spring model. Within the
resonator, evenly biaxial tensile stress T is applied to the membrane with the assumption that the
stress within the membrane is uniformly distributed [31]. The equivalent stiffness is contributed by
tensile stress applied to the membrane.

The equivalent stiffness of the system is estimated by using the Rayleigh method [26] through the
estimation of the fundamental resonant frequency. For a rectangular membrane with side lengths
of L, and L,, the attached mass is assumed in the form of a concentrated point mass, located at
coordinates (a, b) over the membrane. The strain energy E and Kinetic energy Ej, of the resonator
can be respectively expressed as:

2w 92w 2wactw [ 9%w)\’
,U <0x2 _2> —2(-v) ax? ay? <6x6y) dxdy @)
W 2
.U ’ 0x2 )‘dxdy

Fo= f mow? (x,y)dxdy + M(a,b) w*(a b)} @)

Et 3
12(1-v
Young’s modulus, thlckness and Poisson’s ratio of the membrane; m; is the membrane mass per
unit area; T is the membrane tensile stress per unit length; M(a, b) is the mass located at
coordinates (a,b); w(x,y) and w(a,b) are the respective transverse displacements of the
membrane and mass, and w is the frequency.

where D = |s the bending stiffness of the membrane; E,t and v are the respective

For a membrane-type resonator, the bandgap is normally influenced by the fundamental resonant
frequency [26]. In this case, the mode shape function for this particular model can be estimated
using a doubly-sine function [26]:

w(x,y) = Ay sin ( ) sin ("Z") sin (’Z’) sin (nany)_ o

Based on equations (1) — (3), the fundamental resonant frequency is obtained as:

3(L,% + L,*)Tm?
16L,L;

% + Msin* (Z?) sin* (Zf)

(4)

I, 3L 3(3L1 +3L,* +2L,°L,%) +

w11 =

Equation (4) describes the fundamental resonant frequency of a membrane-type resonator. This
method has been proved to be feasible in predicting the resonant frequency of a membrane-type
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resonator [26, 28]. Considering the resonators as a single degree of freedom mass-spring system,
the effective stiffness k, can therefore be described by:

ke = w3 M. ®)

2.2 The dispersion relation of the metamaterial unit cell

The attached membrane-type resonator and the corresponding part of the plate are considered as a
unit cell of the metastructure. Its bandgap behaviour can be expressed by the dispersion relation of
a unit cell with infinite periodic boundary conditions. The thin plate structure can be simplified as
the configuration shown in Figure 2. Since there are two layers of membranes, two resonators are
attached in each unit cell. For a rectangular lattice structure, the lattice constants are defined as a,
and a,.

Figure 2. A configuration of thin plate with periodically attached spring-mass resonators.

For a periodic structure, the coordinates of the resonators attached points on the plate can be
replaced by the lattice vector as:

R =pa, +qa, (6)
where p and q are integers that represent the unit distances of the resonator to the original point.
Replacing the coordinates by the lattice vectors, the system’s equations of motion can be described
as:

!‘ DV w1 (1) = w2 pphwa () = Y [fi(R)SG = R)] + ) [f,(RISG = R")] (72)
R R

—w?mpiwy(R) = fm1(R) (7b)

l —w?mpaw3(R") = frz(R). (7¢)

where r and R represent the location of points on the plate and the location of resonators,
respectively; D = 20 is the flexural stiffness of the plate; p, is the mass density of the plate,

mp, and mpy, are resonator masses, respectively; h is the thickness of the plate; w; (1), w,(R) and
w3 (R") are respective transverse displacements of plate and two resonators at different points; f;
and f, are forces applied on thin plate by resonators; f,,; and f,,,, are forces applied on the
resonators; and & is the Dirac function.

With a bilayer membrane-type resonator, the locations of two resonators can be assumed to be the
same, so R = R’ and:

fi(R) = —fm1(R) = —kg1[w1(R) —wy(R)] (8)
f2(R) = —fin2(R) = —kgy[w1 (R) — w3(R)] 9)



For a periodic structure, the Bloch theorem can be adopted and the displacements can be
represented by:

w (T‘) — [W (G)e—i(k+G)r] (10)
1 Z 1
w;(R) = w;(0)e R (i =1,2,3.) (11)

where k = (ky, k,) and G = pb; + qb, are the Bloch wave vector and reciprocal-lattice vector
respectively.

By eliminating the Dirac function using the process described in [7], the Dirac function part of the
equation can be described by:

. , , 1 _. 1 ,
Z e~ ikR 5(7‘ _ R) — e—lkT‘Z 6(1‘ _ R) — e—lkrzge—mr — EZ e~ ik+G)r (12)

Substituting equations (8) — (12) into equation (7) gives:

kpy kg,
DICk + G2 + (k + GRTPWL(6) = w?pphWa(6) = = =5 > [WL(6) = W,(0)] = =5 D [WA(6) = W3(®)]  (13a)
G G
—a)szlwz(O) = kg1 Z[W1(G) - W,(0)] (13b)
G
—w?mg,w3(0) = kg, Z[W1(G) - W3(0)] (13¢)

G
Equations (13) describe the governing equation of motion of an infinite plate structure, where it
originally requires an infinite superposition of plane waves. However, similar to the mode
superposition method, the use of the first few plane wave numbers is already sufficient to achieve
accurate results [32]. In this work, therefore, the first 5 wavenumbers are used, which has been
observed to be able to generate accurate results.

Equation (13) can then be expressed in matrix form as:

DS[K] + kgy[U] + kgo[U]  —kge[P] —kg,[P] pphS[I] 0 0 w;
—kg, [PT] kg1 0 |[-w?| o mg; 0 | |x[w2(0)|=0 (14)
—kg2[PT] 0 kg; 0 0 L3 w3 (0)

The dispersion relation can then be derived by solving the eigenvalue problem of the matrix
equation (14), which a commonly used PWE method for calculating bandgap property of phononic
crystals [33, 34].

3. The bandgap property of an infinite membrane-type metamaterial
structure

3.1 The band structure of the membrane-type metamaterial

Based on the developed model, an investigation on the bandgap property of an infinite bilayer
membrane-type metamaterial structure is conducted. Define the masses attached to both
membranes as mg, = mg, =2.0g, and the stresses applied to the upper and lower membrane layer
as 0.6MPa and 0.8MPa, respectively. For a =60mm and plate thickness of A =2.0mm, the mass of
the bottom aluminium plate area is m; =19.4g. According to the content in Section 2, the
respective effective stiffness of the two resonators can be obtained as kz; = 217.4N/m and kg, =
290.6N /m. The formation of the bandgap depends on the activation of the local resonant modes
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of the metamaterial [35]. If flexural waves and longitudinal waves can activate resonant modes in
a metamaterial respectively, then stop bands for both types of waves can exist simultaneously [36].
In the bilayer membrane-type resonator, however, the main resonant modes of membrane layers
are associated with their out-of-plane displacements, in contrast to in-plane displacements. In this
case, these out-of-plane modes of the resonators can be effectively activated by propagating
flexural waves in the structure. Since this work is aimed to regulate vibration of a thin plate at low
frequencies, which are dominated by flexural vibration, this study investigated the flexural wave
stop bands, instead of longitudinal wave ones.

Figure 3 shows that there are two clear flexural bandgaps at: (1) 52.5 — 54.3Hz; (2) 60.7 — 64.5Hz.
When the incident wave’s frequency lies within one of the bandgaps, the corresponding resonance
of the resonator will be excited, leading to the attenuation of the propagated wave [37].

100 —

80|

\
/

Frequency(Hz)
=N
o

20}

r X M r

Figure 3. The bandgap structure of a bilayer membrane-type metamaterial with membranes’ tensile stresses of 0.6MPa
and 0.8MPa, respectively. Two full bandgaps (shaded areas) exist at 52.5 — 54.3Hz and 60.7 — 64.5Hz.

By applying different membrane tensile stress in the two resonators, a bilayer membrane-type
metamaterial can thus be utilized to control structural vibration in two separated frequency ranges,
albeit in relatively narrow operation frequency regions. As shown in the figure, the red curve, which
associated with the fundamental resonant frequency of the resonator with 0.8MPa tensile stress,
separates the two full bandgaps.

3.2 Effects of design parameters on the bandgap property

In this work, the magnitude of attached masses of resonators, the level of applied tensile stress of
membranes, and the periodicity of resonators are studied as the key design factors. The effects of
design parameters on the bandgap property are investigated here by using the proposed theoretical
model.

3.2.1 The magnitude of attached masses

In this subsection, the effect of tuning the attached mass magnitudes are investigated by the
proposed analytical model. Figure 4(a) presents the change in the bandgap width and location for
a bilayer metamaterial when the magnitudes of both masses mg,; and mg, are simultaneously
varied from 2.0g to 60.0g. Figure 4(b) shows the bandgap as the magnitudes of the attached masses
are varied. As the bilayer membrane-type resonators are composed of two single layer resonators,



the bandgap structures of the single layer metamaterials are also depicted in Figure 4 (c) and Figure
4(d) for comparison. For clarity, the layer of membrane applied with lower tensile stress is denoted
as the resonator mg, and the other is denoted as the resonator mg,.

According to the figures, in the two single layer metamaterial, when the mass magnitude is
increased from 2.0g to 60.0g, the bandgap width of mg, is enlarging from 2.6Hz to 9.8Hz, whilst
the bandgap width of my, is enlarging from 3.1Hz to 11.4Hz.

Frequency(Hz)
8§ 8 8 3

Frequency(Hz)

8

" 0.02 0
r Dt Attached mass m, (kg) 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055

Attached mass m; (kg)

() (b)

g8 8 3
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&
o
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0 0
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055
Attached mass m; (kg) Attached mass m, (kg)
(©) (d)

Figure 4. (a) The band structures of the bilayer metamaterial attached with different mass platelets and (b) the band
structures of different mass magnitudes; (c) change of bandgap width of single layer metamaterial applied with
0.6MPa and (d) 0.8MPa.

In the bilayer one, the first bandgap’s lower edge shifts from 52.6Hz to 9.7Hz, and the second
bandgap location shifts from 60.7Hz to 11.2Hz. The width of the first bandgap, which is associated
with mp,, decreased from 1.7Hz to 0.65Hz. If compared with the corresponding single layer
metamaterial, when the mass is increased to 60.0g, the first bandgap width of bilayer metamaterial
is 93.4% smaller. Meanwhile, the width of the second bandgap increased from 3.8Hz to 16.8Hz,
which is about 47.4% larger than the single layer one.



Therefore, the bandgap behaviour of bilayer membrane-type resonator is not a simple combination
of two independent single layer resonators. In a single layer resonator, the increase of attached mass
magnitude will effectively amplify the bandgap width. In a bilayer resonator, however, for fixed
membrane stress, the increase of mass magnitude will cause a reduction of the first bandgap width
and an increase of the second bandgap width.

It is observed that if the excitation frequency is within mg,’s bandgap range, the vibration
absorption performance can be weakened by the existence of resonator mg,, leading to the
narrowing of the first bandgap. On the other hand, if the excitation frequency is within the second
bandgap, the absorption capability of the resonator mg, will be reinforced by the existence of
resonator mg, and the second bandgap is therefore broadened. Naify et al. [38] demonstrated that
the increase of mass loaded on the membrane can broaden the frequency bandwidth for sound
isolation applications. A similar effect is also found in vibration control applications for the
proposed bilayer membrane-type metamaterial as discussed in this section.

3.2.2 The tensile stress of the membrane-type resonator

Figure 5 exhibits the change of bandgaps caused by the tuning of tensile stress applied to the
membranes. 2.0g and 4.0g mass platelets are attached to the upper and lower layer of membranes
respectively. The tuning range of the applied stress on membranes is from 0.4MPato 12.0MPa. As
the magnitudes of attached masses are kept constant, the increased tensile stress will lead to higher
equivalent stiffness and therefore the bandgap location will shift to a higher frequency.

In the bilayer resonator, the first bandgap’s starting edge changes from 30.5Hz to 166.7Hz, while
the second bandgap’s starting edge increases from 42.9Hz to 234.7Hz. Moreover, the first bandgap
is produced by the membrane layer with heavier mass (4g). Meanwhile, in the bilayer case, the first
bandgap width increases from 2.6Hz to 14.3Hz and the second one changes from 2.4Hz to 13.5Hz,
respectively. Similar to the results in Section 2.4.1, when the tensile stress is 12.0MPa, the first
bandgap is 18.7% smaller than the corresponding single layer resonator’s bandgap width. The
second bandgap is 18.2% larger than the 0.4MPa case when the tensile stress is increased
to12.0MPa.

As shown in Figure 5(c) and (d), when the stress is increased to 12.0MPa, the bandgap width of the
single layer resonator attached with 2.0g mass rises from 2.2Hz to 12.1Hz. In addition, the other
single layer resonator’s bandgap width rises from 3.0Hz to 16.6Hz. So the increase in tensile stress
can enlarge the bandgaps.
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Figure 5. (a) The band structures of the bilayer metamaterial attached with 2.0g and 4.0g mass; (b) bilayer
metamaterial’s bandgaps vary with tensile stress applied to membrane; bandgap of single layer metamaterial attached
with (c) 2.0g mass and (d) 4.0g mass with varying tensile stress.

3.2.3 The periodicity of membrane-type resonators

The periodicity of membrane-type metamaterial is defined as the distance between the adjacent
membrane-type resonators attached to the plate. In this subsection, the effect of the periodicity of
bilayer membrane-type metamaterial is investigated. The range of resonator’s periodicity is varied
from 0.05m to 0.195m, with a 0.05m resolution. The tensile stresses of the two membrane-type
resonators are respectively defined as 2.0MPa and 4.0MPa. The attached mass are 10.0g and 5.0g
respectively.

As shown in Figure 6, the starting frequencies of bandgaps are maintained because the periodicity
adjustment is not affecting the resonator’s resonant frequency. Otherwise, the increase of the
metamaterial’s periodicity will significantly decrease the bandgap width. When the periodicity is
increased, the bandgap width will decrease. This is because of the smaller number of resonators
leads to a lower vibration absorption capacity. Theoretically, when the lattice constant is
approaching infinity, it describes an infinite size plate with only one resonator attached so the
bandgap will finally disappear.

In practice, the bandgap will disappear when the lattice constant increases to a certain value. Figure
6(b) presents the bandgap change of the same bilayer resonator when the periodicity is adjusted
from 0.05m to 0.4m. It is observed that the second bandgap, which is associated with a resonator
with smaller mass, disappears when the periodicity is larger than 0.21m. In addition, the first
bandgap disappears at about 0.34m.
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Figure 6. The change of bandgap when the periodicity of attached resonators, a, is tuned from 0.05m to (a) 0.195m; (b)
0.4m.

On the other hand, the magnitudes of attached masses are also closely related to the vibration
absorption performance. To demonstrate the effect of attached mass and periodicity on bandgap
property, three configurations are taken for comparison. In these cases, the periodicities are set as
60mm, 120mm and 240mm, respectively. In addition, the masses on both membranes are adjusted
as 2.0g, 8.0g and 32.0g correspondingly to ensure the total attached mass in a unit area is the same
in three cases. In the meantime, the stress is accordingly adjusted as well to maintain the resonant
frequencies unchanged.

Figure 7 presents the bandgap location and widths of these cases with Table 2 describing the details.
According to the results, when the periodicity, attached mass and the applied stress are
simultaneously increased, both the first and second bandgaps’ widths are broadened. In a unit area,
the total attached mass of the resonator is the same, yet the one with a larger mass and higher tensile
stress will reveal larger bandgap if compared with the counterparts. It demonstrates that for the
purpose of forming a broader bandgap, the membrane-type resonator’s tensile stress and mass
should be designed as large as possible. However, it is also worth noting that the high periodicity
will cause a high concentration of mass on the primary structure and may affect its dynamic
performance. Therefore, the periodicity should be chosen carefully as there is a compromise
between the number of resonators and overall vibration control performance.
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Figure 7. The bandgap location and width for 3 different periodicities. The red areas indicate the bandgap region.
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Periodicity

Frequency (Hz) 60mm 120mm 240mm
Lower edge 1 95.97 95.56 95.56
Upper edge 1 99.95 99.87 107.05
Band width 1 3.98 431 11.49
Lower edge 2 135.69 135.36 135.97
Upper edge 2 143.16 143.58 170.21
Band width 2 7.47 8.22 34.24

Table 2. Data of bandgap location and width for 3 different periodicities.

3.3 Parametric analysis for bandgap property and optimisation

The bilayer membrane-type resonator can be optimised by tuning the combination of design
parameters. The total bandgap widths of the bilayer resonator with different mass and tensile stress
settings are studied in comparison to those of single layer resonators’ bandgap widths.

In this case, the mass and tensile stress of the lower layer membrane are respectively defined as:
mpg,=4.0g and T;=1.0MPa. The mass of the upper layer is changed from 0.8g to 8.0g and tensile
stress is changed from 2MPa to 12.5MPa. The differences of bandgap width between bilayer and
single layer resonators are calculated and plotted against the mass ratio (my, /mg,) and the tensile
stress ratio (T, /Ty).

Figure 8(a) presents the first bandgap width difference when the mass ratio and tensile stress ratio
are adjusted. A negative value of the bandgap width’s difference indicates that the bilayer bandgap
width is smaller than the corresponding single layer resonator’s bandgap width. As previously
mentioned, the first bandgap width is suppressed in a bilayer membrane-type configuration,
therefore the values are all negative.

According to Figure 8(b), the increase of mass ratio will further suppress the first bandgap width.
When the tensile stress ratio is relatively small, the increase of mass ratio will lead to a rapid
decrease of the first bandgap width in the bilayer resonator. This effect is weakened if the tensile
stress ratio is higher.

Otherwise, according to Figure 8(c), when the mass ratio is small, the change of tensile stress ratio
has no significant effect on the bandgap width. On the contrary, when the mass ratio is relatively
large and the tensile stress ratio is increased, the bandgap width difference will decrease rapidly
before stabilizing. Thus, if the mass ratio is large, higher tensile stress ratio is recommended in
order to reduce the bandgap difference of the first bandgap.

Bandgap width difference (Hz)
Bandgap width difference (Hz)

Bandgap width difference (Hz)

1

- <~ 8
15 <, ©Tensile stress ! I } 1 i i ! !
Mass ratio m2/mr1 2 2 ratio T2/T1 05 1 15 2 2 4 6 8 10 12
Mass ratio mr2/mr1 Tensile stress ratio T2/T1

(a) (b) (c)

Figure 8. (a) The lower bound bandgap width difference between bilayer and corresponding single layer resonators;
(b) bandgap width difference vs. mass ratio; (c) bandgap width difference vs. tensile stress ratio.
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Figure 9 presents the change of the second bandgap width. As shown in Figure 9(b), in contrast to
the first bandgap, the increase of mass ratio will enlarge the second bandgap width of the bilayer
resonator. This effect is particularly stronger when the tensile stress ratio is relatively small. In
addition, according to Figure 9(c), the change of tensile stress ratio barely has any effect on the
bandgap width difference when the small mass ratio is employed. However, when the mass ratio is
relatively high, the increase of tensile stress ratio will weaken the second bandgap. Therefore, for
the purpose of widening the higher bandgap, the mass ratio should be adjusted to higher value
whilst the tensile stress ratio being kept as low as possible.
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Figure 9. (a) The upper bound bandgap’s width difference between bilayer and corresponding single layer resonators;
(b) bandgap width difference vs. mass ratio; (c) bandgap width difference vs. tensile stress ratio.

Figure 10(a) reveals that the total bandgap width difference. As the values are all negative, it
indicates that the bilayer resonator’s total bandgap width is slightly smaller than the sum of bandgap
widths of two single layer resonators. Figure 10(b) illustrates that the increase in the mass ratio will
enlarge the bandgap width difference. In addition, when put under the same amount of mass ratio
increase, the reduction of bilayer’s total bandgap width will be larger if the tensile stress ratio is
higher. Otherwise, in accordance with Figure 10(c), the bandgap width difference will change more
obviously along with tensile stress ratio when larger mass ratio is applied. In other words, when the
mass ratio is small, the adjustment of tensile stress ratio has a smaller effect on the total bandgap
width difference. The higher tensile stress ratio will make the total bandgap width of bilayer
resonator even smaller.
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Figure 10. (a) The total bandgap width difference between bilayer and corresponding single layer resonators; (b)
bandgap width difference vs. mass ratio; (c) bandgap width difference vs. tensile stress ratio.

The results provide important design guidelines for the bilayer membrane-type metamaterial. To
maintain the first bandgap width of the bilayer membrane-type metamaterial as much as possible,
a small mass ratio should be used, and the location of bandgap can be tuned by adjusting the tensile
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stress ratio. By adopting this design parameter combination, the bilayer membrane-type
metamaterial’s total bandgap width is only slightly suppressed (less than 1Hz).

However, the second bandgap can be widened by adopting a large mass ratio and a low tensile
stress ratio. These characteristics allow the bilayer resonator possesses more agile bandgap tuning
capability whilst still keeping the same total bandgap width. Moreover, a compromise is needed
when choosing different design parameters. The utilisation of bilayer resonators also requires a
smaller area than the combined utilisation of two single membrane-type resonators. So the bilayer
one can have better application potential and more agile tuning capability.

4. Simulation studies of a finite bilayer membrane-type

metamaterial structure

In this section, in order to investigate the vibration absorption performance and to verify the
accuracy of the modified PWE model, a case study of a finite plate structure with attached bilayer
membrane-type metamaterial is conducted. In the proposed model, the accuracy of the estimated
fundamental resonant frequency of membrane-type resonator will affect the precision of the
bandgap width and location prediction directly. In the proposed theoretical model, the attached
mass on the membrane was assumed as a concentrated point mass. In reality, however, the attached
mass will occupy a certain area. Therefore, the size of mass will differentiate the shape function
from the assumption in the analytical model, and lead to certain error. In this work, the mass is
attached as a circular platelet and the radius of the platelet r,, is adjusted.

To investigate the influence of mass platelet’s radius to the accuracy of the analytical model, a
single layer model with varying mass radius r,, is constructed. For each radius, the lower edge
frequencies of the bandgaps are obtained by the theoretical model (fz) and then compared with the
numerical simulation results (f¢). The applied tensile stress is varied from 0.1MPa to 1.0MPa with
a step size of 0.1MPa, so the number of data samples is N=10 for each radius. The differences
between fr and f for each radius are averaged, and then plotted against the dimensionless size
ratio of the mass radius and membrane side length 7, /L. The results are shown in Figure 11. It is
found that along with the increase of length ratio, the average error is increasing. This indicates that
the larger mass platelet size, the larger is the error. Therefore, in this study, the smallest mass radius
of 6mm is chosen to keep the error relatively low.
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Figure 11. The average frequency errors between the analytical and numerical simulation results.
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4.1 A finite plate structure with a membrane-type metamaterial

To examine the bandgap property of a finite plate structure with an attached membrane-type
metamaterial, a 240>600mm aluminium plate with attached bilayer membrane-type resonators is
constructed by using software COMSOL Multiphysics 5.2 as shown in Figure 12. Otherwise, 10%
damping is incorporated into the imaginary part of membrane material’s modulus. The left edge of
the plate is applied with fixed boundary condition, while the excitation input is applied at the right
edge of the structure and pre-stress conditions are applied to the membranes. The acceleration
signal is measured at point A, while the input acceleration signal is measured from the edge at
which the excitation input is applied. The upper layer membrane is applied with 0.6 MPa stress,
whilst the lower level membrane is applied with 0.8 MPa stress. Each membrane has a rigid mass
of 2.0g at its centre. The finite structure model is meshed into tetrahedron elements. The mesh
consists of 89,348 domain elements, 76,662 boundary elements, and 13,730 edge elements. The
maximum element size is 0.05m, while the minimum element size is 0.001 m. Considering the
highest frequency of interest of 2000Hz is associated with the flexural wavelength of about 0.9m,
the mesh size is deemed to be sufficient for obtaining accurate results from the numerical model.
Figure 13 shows the frequency response from 30.0Hz to 90.0Hz, with the y-axis described by

FRF = 2Olog(Output response) (dB)

Input excitation

HExcitation

Figure 12. The finite structure of a 4x6 units of bilayer membrane-type resonators attached to an aluminium plate.

—— Attached metamaterial ------- Bare plate
70 80 90

30 40 50

FrequeGn%y (Hz)

Figure 13. Frequency responses of the bare plate (dashed black) and the plate attached with the bilayer membrane-
type metamaterial (solid red).
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In Figure 13, the vibration response of the bare thin plate is also presented for comparison. The
frequency regions where the FRF curves are lower than the bare plate can be considered as the
bandgap frequency regions. The results show that the plate’s fundamental resonance has been
shifted to a lower frequency because the additional mass that metamaterial contributed to the plate.
In addition, there are two bandgaps that appear at frequency ranges of 54.4Hz — 57.2Hz and 63.2Hz
— 67.6Hz. For the analytical model, the obtained bandgaps are located at 52.5-54.3Hz and 60.7-
64.5Hz. So the numerical simulation results indicate slightly higher bandgap locations. As indicated
in the beginning of Section 4, the size of the attached mass used in the numerical model will lead
to differences in the resonant frequency prediction, when compared to the results from the
analytical PWE model. However, despite the small differences in bandgap prediction, the bandgap
location and width estimation provided by the modified PWE model is consistent with the
numerical simulation results, demonstrating the effectiveness of the modelling method.

It should be noted the frequency response in the bandgap region has an asymmetrical shape. This
is due to the Fano interference effect that is generated by the periodically allocated resonators [39].
The travelling waves and scattering of the resonant modes of the periodic unit cells will cause the
asymmetric dispersion curve. Otherwise, the resonant frequencies of the bare plate are higher than
the one attached with membrane-type resonators, because the attached metamaterial increased the
system’s inertia.

The deformation of the plate at different frequencies are shown in Figure 14. When the incident
wave frequency is within the first bandgap range, the first resonant mode of the unit cell will be
excited and a significant amount of wave energy will be absorbed and stored within the unit cells.
In contrast, when the incident wave frequency is outside the bandgap range, the resonators
movement will be mainly in phase with the plate, allowing the wave to propagate through the plate.
Figure 14 (c) and Figure 14 (d) presents the two vibration modes that generate bandgaps of the
bilayer resonator. It is obvious that in both modes, the resonators are conducting vibration in
bending mode.

(c) (d)

Figure 14. The deformation of the structure when the incident wave frequency is: (a) within bandgap and (b) outside
bandgap; (c) The first and (d) the second vibration mode shapes of the bilayer membrane-type resonators. The
attached mass magnitude used is 2g.
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To further verify the accuracy of the proposed theoretical model, two other cases are used. Case 1
defines T; = T, =2.0MPa and attached mass mg,; =2.0g and my, =5.0g, respectively. Case 2
defines T; =2.0MPa and my; =2.0g, whilst T, =4.0MPa and my, =5.0g The corresponding
bandgaps obtained through the proposed method and simulation are both presented in Table 3,
while the frequency responses are shown in Figure 15.

It is observed that the locations of bandgaps estimated by the proposed analytical method are
slightly different with the simulation results but the deviation is within a reasonable range as
discussed earlier. In both examples, the second bandgaps, which start from 96.0Hz, are associated
with the resonator with mass mg,. As shown by the results, the second bandgap width will extend
when the tensile stress ratio is increased and such results are consistent with the prediction
described in Section 3.3.
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Figure 15. The frequency responses of the plate attached with bilayer membrane-type resonators with different stress
and mass magnitudes.

Case 1 Case 2
Modified PWE Simulation Modified PWE Simulation

Lower edge (Hz) 61.0 62.0 86.3 89.2

Bandgap 1 Upper edge (Hz) 67.2 68.0 914 94.0
Width (Hz) 6.2 6.0 51 4.8

Lower edge (Hz) 96.0 101.0 96.0 99.8

Bandgap 2 Upper edge (Hz) 101.6 104.0 105.7 106.8
Width (Hz) 5.6 3.0 9.7 7.0

Table 3: The bandgap property of bilayer membrane-_typ? m_etamaterial predicted by the modified PWE method and
simulation.

4.2 Effects of the periodicity adjustment of membrane-type resonators

In Section 4.1, the periodicity of the membrane-type resonator is defined as the outer side length
of the frame, so the resonators are adjacent and their frames are connected to each other. In this
section, however, the periodicity is adjusted differently to construct different membrane-type
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metamaterial configurations as indicated in Section 3.2.3, and the corresponding bandgap property
is studied.

Configurations of membrane-type resonators allocated in (1) 60mm periodicity and (2) 120mm
periodicity are investigated. In the 60mm case, the mass and tensile stress settings are the same as
in Section 4.1. Otherwise, when the periodicity is increased to 120mm, the mass magnitude is
increased from 2.0g to 8.0g to achieve an identical total attached mass to the primary structure.
Thus, in both finite structures, the total mass attached is 96.0g assuming the mass of membranes
and frames are negligible. Also, as the attached mass is increased, the tensile stress applied to the
membranes is adjusted correspondingly to maintain identical resonant frequencies.

According to Figure 16, the bandgap widths in both cases are similar to each other. The bandgaps
for the 120mm periodicity case are located at 54.4 Hz — 58.0Hz and 63.6Hz — 70.2Hz. With the
same setting parameters, the proposed theoretical model estimates the bandgaps at 52.5Hz — 54.3Hz
and 60.5Hz — 64.4Hz. Similar to the results in Section 4.1, the estimated bandgap locations by
numerical simulation are slightly higher than the theoretical model results. Therefore, the
estimation of the modified PWE method can also provide effective bandgap estimation for the
bilayer membrane-type metamaterial with different levels of periodicity. It should also be noted
that the case with 60mm periodicity has a higher resonant peak (at about 41.2Hz) than the 120mm
case (36.0Hz). In the metamaterial with 120mm periodicity, its unit cells are not connected to each
other due to a larger periodic distance as shown in the inset of Figure 16. In contrast, for the
metamaterial with 60mm periodicity, the unit cells are connected to each other, and therefore
increasing the overall stiffness of the structure. Consequently, the resonant frequency is shifted to
the higher frequency region.

30

—60mm ------- 120mm

30 40 50 60 70 80 90
Frequency (Hz)

Figure 16. The frequency responses of the metamaterial plate with 60mm (black dashed) and 120mm (red solid)
periodicity. The configuration of the structure is given by the inset.

5. Conclusions

In this work, the bandgap property of a bilayer membrane-type metamaterial attached to a thin plate
structure has been investigated. An analytical model based on the Plane Wave Expansion method
combined with the Rayleigh method is developed. It has been demonstrated in this work that the
developed model allowed an accurate prediction of the bandgap property of the bilayer
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metamaterial applied on a thin plate structure, and also it can reveal the effects of design parameters
on the bandgap property. In particular, the following main results have been observed:

The increase of mass magnitudes in resonators and applied tensile stresses of membranes
in each unit cell can lead to the extension of bandgap width. However, a proper selection
of mass magnitudes is required since the increase of mass will also increase the overall
mass of the structure.

The larger periodicity between unit cells can result in the narrowing of the bandgap width.
The bandgap will ultimately disappear if the periodicity reaches a particular value. In
addition, the first bandgap width of a bilayer membrane-type metamaterial is always
suppressed whilst the second width is widened if compared with the corresponding single
layer ones.

A small bilayer membrane-type resonators’ mass ratio (m,., /m,) will result in the largest
total bandgap width of the bilayer membrane-type metamaterial. The bandgap locations
can be tuned through the adjustment of the tensile stress ratio (T, /T;) in each unit cell.
Such characteristics allow convenient tuning according to different bandgap requirements.
The accuracy and feasibility of the proposed analytical method are verified by the
numerical simulation. Through the utilisation of the analytical method, rapid design and
optimisation of bilayer membrane-type metamaterial can be achieved.

In the future work, the proposed analytical modelling method can be extended beyond the bilayer
membrane configuration, to allow the study of the bandgap property of a multi-layered membrane-
type metamaterial. This study will be beneficial for providing insights into the design of a multi-
layered membrane-type metamaterial to effectively suppress structural vibration at multiple
bandgaps.
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