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Abstract. This paper discusses three rearrangement optimization problems where the energy
functional is connected with the Dirichlet or Robin boundary value problems. First, we consider a
simple model of Dirichlet type, derive a symmetry result, and prove an intermediate energy theorem.
For this model, we show that if the optimal domain (or its complement) is a ball centered at the
origin, then the original domain must be a ball. As for the intermediate energy theorem, we show
that if a, 8 denote the optimal values of corresponding minimization and maximization problems,
respectively, then every v in («a, 3) is achieved by solving a max-min problem. Second, we investigate
a similar symmetry problem for the Dirichlet problems where the energy functional is nonlinear.
Finally, we show the existence and uniqueness of rearrangement minimization problems associated
with the Robin problems. In addition, we shall obtain a symmetry and a related asymptotic result.
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1. Introduction. A rearrangement optimization problem is an optimization
problem of the following forms:

1.1 inf @ and sup O(f),
(1.1) somf (f) up (f)

where R(fo) is a rearrangement class® generated by fy, a prescribed function. The
goal function ® is frequently a nonlinear functional which arises from a boundary
value problem. Burton in his celebrated papers [7, 8] established a well-developed
theory of rearrangements which can be used to investigate problems like (1.1). Let us
give an example. In [7, 8, 9], the authors considered the functional

(1.2) o) = [ fuyds,
D
where uy is the unique solution of the classical Poisson’s problem

—Au=f inD,
(1.3) { u=0 on 0D.

They proved the minimization and maximization problems (1.1) are both solvable.
Given that the problem (1.3) physically describes the steady state of an elastic mem-
brane, fixed at the boundary, subject to a vertical force f(z), the functional (1.2)
measures the total displacement of the membrane from the rest position. In this
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physical setting, the function us denotes the displacement, whence, the optimization
problems (1.1) address the question of finding the level of vulnerability of the mem-
brane relative to rearranged force in R(fp). Motivated by the abovementioned papers,
other authors (see, for example, [10, 15, 25]), studied the same problems (1.1) except
that vy is the solution of the following boundary value problem

—Apu=f inD,
u=20 on 0D,

where A, is the classical p-Laplace operator, i.e., A,u = V - (|[Vu|P~2Vu) with 1 <
p < oo. In addition to presenting technical challenges, the results achieved in the
corresponding optimization problems are physically significant because the p-Laplace
operator is an operator frequently used to model physical phenomena occurring, for
example, in non-Newtonian fluids, nonlinear elasticity, and glaciology; see [1, 2, 13].

Before stating the main results of our paper, we make some preparations. Let
us return to the minimization and maximization problems (1.1), and denote o =
infrep(sy) ®(f), B = subsep(s,) ®(f). Quite often, the main concern arises when
neither a nor J is attained; see, for example, [25, Theorem 3.1] or [24, Theorem 3.6].
In such a situation, a natural remedy is to look for a rearrangement of fy, denoted
f, for which v = ol f ) is close to our desired value v or 8. So, the natural question
is whether it is possible to find f € R(fp) such that ®(f) = v for a given number
v € (a,f). Although we will discuss a problem where « and f are attained in
this article, our intention is to present some ideas to attack such problems about
intermediate energy values. This is one of the features of our paper; see section 3.

Another feature is a symmetry result. In many rearrangement optimization prob-
lems, quite often, the optimal solutions inherit the same symmetry as the domain D.
So, for example, if D is Steiner symmetric, the optimal solutions turn out to be Steiner
symmetric as well. For the minimization and maximization (1.1) considered in the
setting of (1.2) and (1.3), the authors (see [9]), proved in the case D is radial, both
the minimizer and maximizer are unique, and they are indeed radial. However, to the
best of our knowledge, the converse of these problems has never be addressed. In this
paper, we discuss the converse in a special case.

The last part of the paper is devoted to a rearrangement minimization problem
associated with the following Robin boundary value problem:

{ —Au=f in D,

(1.4) du

— 4+ pBu=0 ondD,

v

where (3 is a positive constant, and the force function f(x) is nonnegative and square
integrable. Specifically, we shall prove the minimization problem in (1.1), where
®(f) = [, fusde with uy denoting the solution of (1.4) has a unique solution. Fur-
thermore, we show if D is radial, the minimizer is radially nondecreasing. We also
address the converse for a particular class of rearrangement, where the generator is
a characteristic function. We conclude the paper with an asymptotic result. In this
result, we shall show that as 8 tends to infinity, the corresponding minimizer of the
Robin problem converges to the minimizer of the Dirichlet problem in L?(D).

Remark 1.1. Rearrangement optimization problems have strong connections with
shape optimization problems when the prescribed function fj is a characteristic func-
tion. Let fo = xg, for some Ey C D with 0 < |Ep| < |D|. The rearrangement
optimization problems (1.1) can be reformulated as the following shape optimization
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problems:

inf U(FE):=®(xg) and sup U(E).
|E|=|Eo|,ECD |E|=|Eo|,ECD

For the discussions about such problems, we refer to [11, 20]. In particular, the readers
may consult [19] for symmetry problems arising in shape optimization.

Structure of the paper. In section 2 we state some well-known results about re-
arrangement of functions and spherical symmetrizations. Section 3 is devoted to a
simple rearrangement optimization problem where the goal functional ®4 is linear.
In section 4, we shall prove a symmetry result regarding (1.1) where the functional
®(f) is associated with the Dirichlet problem (1.3). The final section investigates the
minimization problem in (1.1) related to the Robin problem (1.4), and concludes with
the asymptotic result mentioned above.

2. Preliminaries. First, we will review some basic results about rearrangement
theory from [7, 8]. Let us start with the following definitions.

DEFINITION 2.1. Let D C RY and D’ C RM be measurable? with |D| = |D’|.
Suppose f : D — R and g : D' — R are measurable functions. We say [ is a
rearrangement of g if and only if

A(a):=[{zeD: f(x)>a}|=[{zeD :g(x) >a}l|=N(a) VaeR.

DEFINITION 2.2. Let D,D’, and g be as in Definition 2.1. The rearrangement
class generated by g on D, denoted Rp(g), is defined as

Rp(g) :={f: D — R measurable : f is a rearrangement of g} .

Furthermore, we will set R(g) = Rp(g) if the rearrangement class is generated on D.

DEFINITION 2.3. Let f : D — R be measurable. The decreasing rearrangement
of f on (0,|D|) is defined by f2(s) := max{a: A;(a) > s}. Also, the increasing
rearrangement of f is defined by fa(s) := f2(|D| —s). It is clear that f> and fa are
rearrangements of f; see [7, Lemma 1].

DEFINITION 2.4. Let f: D — R be a measurable function and S be a measurable
subset of D. We say the graph of f has no significant flat sections on S if and only if

[{xreS:fla)=a}|=0 VaceR.

We recall a basic property of f2 here.
LEMMA 2.5. f2(-) is left continuous on (0,|D|).
The following lemmas related to the rearrangement class are vital in our analysis.

LEMMA 2.6. Let f € L*(D). Recalling that R(f) is the rearrangement class gen-
erated by f on D, we have

() R(f) € L*D), [, fdx = [}, gdz, and || fl|l2 = [lgll> for all g € R(f):

(i) R(f), the weak closure of R(f) in L?(D), is convexr and weakly sequentially
compact. Moreover, it is metrizable with respect to the weak topology in
L*(D);

(iii) R(f) ={g € LY(D): Ip fdz = [, gdz, fos ghdt < fos fAdt ¥s e (0,|D])}.

2We mean Lebesgue measurable in this article.
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Proof. For the proof see [8, Lemmas 2.1, 2.2, and 2.3]. d

LEMMA 2.7. Let f,g : D — R be measurable functions. Suppose the graph of g
has no significant flat sections throughout D. Then, there exists a nonincreasing (or
nondecreasing) function n such that n(g) is a rearrangement of f.

Proof. For the proof see [15, Lemma 2.2] or [8, Lemma 2.9]. 0

LEMMA 2.8. Let f,g € L*(D). If there is a nonincreasing (or nondecreasing)
function n such that n(g) € R(f), then n(g) is the unique minimizer (or maximizer)

of the linear functional L(h fD hgda: relatz've to h € R(f). Moreover, we have
Lnog) = f," fagPdt (or L (nog) = fy" FAg™dt).
Proof. For the proof see [8, Lemma 2.4 (ii)]. 0

We need the following two basic lemmas.

LEMMA 2.9. Suppose {fn} C L%(D), and f € L*(D). Suppose f, — f in L*(D).
Then, f is nonnegative a.e. in D.

Proof. This is an immediate consequence of the Mazur lemma ([4, Corollary 3.8]),
and the details are left to the reader. d

The following is a variant of [7, Lemma 2].

LEMMA 2.10. Suppose f: D — [0,00) is measurable, then

|E|
/ fdxr > fa(s)ds
E 0

for every measurable subset E C D.

For f € L2 (D), we denote the support of f on D by S(f), i.e., S(f) ={f > 0}.2
Because of Lemma 2.9, it is reasonable to introduce the following result.

LEMMA 2.11. Let fo € L3(D). For every f in R(fo), |S(fo)l < |S(f)|-

Proof. In order to derive a contradiction, let us assume |S(f)| < |S(fo)|- Hence,

o= fols(f)cl fordz is positive. Since f € R(fo), there exists {f,} C R(fo) such that
fn — fin L?(D). Then we have

[S(£)°| IS(f)el
a:/ fOAdx:/ anda:S/ fndx:/ JnXs(p)edx
0 0 S(f)e D

—>/ fo(f)cdx:/ fdx =0,
D S(f)e

which is a contradiction. The inequality in (2.1) is a consequence of Lemma 2.10. O

(2.1)

Then, we introduce a technical lemma which will be useful in section 5.
LEMMA 2.12. Let fo € L2 (D) and g € L*(D). Let f be a minimizer of the linear
functional L(h) = [}, hgdx relative to h € R(fo). Suppose the graph of g has no

significant flat sections on S’(f) Then, there exists a nonincreasing n such that n(g)
is a rearrangement of fo.

Proof. From Lemma 2.11, we know there exists f; € R( fo) such that S(f1) C
S( f ). Since the graph of ¢ has no significant flat sections on .S( f ), by using Lemma 2.7

3We set {f > 0} = {x € D : f(x) > 0} for brevity, and similarly for other situations.
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we infer the existence of nonincreasing 75 such that ns(g|g 7)) is a rearrangement of
f1|5(f)- In order to extend ng to 7 so that n(g) € R(fo), we intend to show

(2.2) essinf g > esssupg = 7.
S(f)e S(f)

To prove (2.2), we argue by contradiction and suppose there exists A C S(f)¢, B C
S(f), and @ > B such that ¢ > « in B and g < 8 in A. Without loss of generality,
we may assume |A| = |B|, otherwise, we could choose subsets instead. Let p: A — B

be a measure preserving bijection: such a map exists; see [26]. At this stage, let us
define f: D — R by

flx) z € (AU B),

fl@)=1 flp(z)) =x€A,

flp~H(z)) zeB.

Observing that f € R(fy) by Lemma 2.6(i) and (iii), we compute

/ngdw—/ngdx= AUBfgdar— AUBfgd@’:/Afgdar—/Bfgdx

=/A(fo,0)gdw—/3fgdw=/Bf(QOp‘l)dx—/Bfgdx
<(g—o) [ far <o

which contradicts the minimality of f. Therefore, we have shown (2.2). To finish the
proof, we construct 7 as follows:

ns(t) t<-~,
2.3 t) =
(23) () { N,
Obviously, n is nonincreasing and 7(g) € R(f1) = R(fo) as desired. O

Next, we give a brief exposition of spherical symmetrization; see [5, 12, 27] for
details.* Given a measurable set X C RY, we fix a unit vector € as the direction.
Then, the spherical symmetrization of K with respect to direction €, denoted by K™,
is characterized by the following property: for every r € (0, 00), the set K*N9oB(0,r)
is a spherical cap centered at re satisfying

HN Y (K*NdB(0,r) =HN L (K NOB(0,r) Y0<r<oo,

where HV ! denotes the (N — 1)-dimensional Hausdorff measure in R, and B(0,r)
is an open ball centered at the origin with radius r. For a measurable function u, the
spherical symmetrization u* is constructed such that

{w* >ty ={u>t}" VteR.

We will need the following well-known results about spherical symmetrization.
LEMMA 2.13. Let D be a ball centered at the origin and u € H'(D). Then,

4In some books or papers, spherical symmetrization is also called cap symmetrization.
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(i) u* € HY(D);
(i) if f: R—>R s continuous and f(u) € Ll( ) (or f(u) € Ll(aD)) then we
have [, f(u)dz = [, f(u*)dz (or [, f(u)dHN= =[50 f(u*)dHN);

(iii) [, [Vu**dz < [, |Vu|2 d;v

Proof. For (i) and (iii), see [5, Theorem 4.5]. For (ii), see [5, Lemma 3.3] or [8,
Lemma 2.1]. O

Finally, we recall a special case of the Radon—Riesz theorem.

LEMMA 2.14. Let D C RY be measurable, f € L?(D), and {f,} C L*(D). If
fo— fin L3(D) and lim,, o || full2 = || fll2, then f. — f in L?(D).

3. Simple model. Consider the boundary value problem

—Au=f inD,
(3.1) { u=0 on 0D,

where D is a bounded domain in RY (N > 2) with Lipschitz boundary. For each
[ € L*(D), we denote the unique solution of (3.1) by uy € H}(D). Let us fix a
nontrivial, nonnegative fo € L2(D). We are interested in the following rearrangement
optimization problems:

3.2 inf @, ::/ wrdx

(3:2) ot (f) L

and

(3.3) sup  D(f).
FER(fo)

Before stating the first main result, we introduce the Saint-Venant problem:

(3.4) { —Aw=1 inD,

w=20 on 0D.

THEOREM 3.1. The problem (3.2) (or (3.3)) has a unique solution f € R(fo).
Moreover, we have f = n(w) a.e. for some nonincreasing (or nondecreasing) 1.

To prove Theorem 3.1, we first observe that ®,(f) = [, fwdz. This follows
immediately from the divergence theorem.

Proof of Theorem 3.1. We prove (3.2) is solvable and leave the solvability of the
proof of (3.3) to the reader.
As mentioned above, the problem (3.2) can be formulated as follows:

(3.5) inf / fwdz.

FER(fo)

Since the graph of w has no significant flat sections on D by [18, Lemma 7.7], in
conjunction with Lemma 2.7, we infer the existence of a nonincreasing 7 such that
n(w) is a rearrangement of fy. Applying Lemma 2.8, we deduce n(w) is the unique
minimizer of (3.5). This completes the proof of the theorem. O

COROLLARY 3.2. Let E be a measurable subset of D satisfying 0 < |E| < |D|,
and let fo = xg. The problem (3.2) (or (3.3)) has a unique solution x5 € R(xE),
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where® B = {w <m} (or E = {w > m}) for some m > 0. If D is a ball centered at
the origin with radius a, then E€ (or E) is a ball centered at the origin.

Proof. Observe that w(z) = —% + %, which is (strictly) radially decreasing,
whence, the assertions readily follow from Theorem 3.1. d

The second main result of this section is a converse of Corollary 3.2.

THEOREM 3.3. Let D be a bounded, connected domain in RN (N > 2) with Lip-
schitz boundary, and consider a measurable set E C D satisfying 0 < |E| < |D|. If
the solution of (3.2) (or (3.3)) with fo = xg is xp in which E = {w < m} (or
E = {w > m}) for some m >0 and E¢ (or E) is a ball centered at the origin, then
D is also a ball concentric with E< (or E).

Proof. We only consider the minimization problem (3.2) with fo = xg, and the
case of the maximization problem (3.3) can be treated similarly. Let us denote R =

v/ %;‘E‘, where wy is the volume of a unit ball in R, and let

$2 2

By setting 2(z) = w(x) —v(x) for all z € D, we infer z € H'(D) is a weak solution of
Az=0 inD.

It is well known that z is real analytic in D. On the other hand, v satisfies

(3.6) { —Av=1 1in E°,

v=m on OE°.

Since £ = {w < m}, we infer w also satisfies (3.6). By uniqueness, we must have

v = w on EC, i.e., z=0o0n Ee. Recalling that z is real analytic in D, it results from
[3, Theorem 1.27] that z = 0 in D. Moreover, w is radially decreasing in D since v
is. By the strong maximum principle (see [17, Theorem 2.13]), we have w is (strictly)
positive throughout D. As w = 0 on 0D, we must then have D is a ball centered at
the origin. a

The next main result is the so called intermediate energy value theorem.

THEOREM 3.4. Let D be a bounded domain in RN (N > 2) with Lipschitz bound-
ary, and consider fo € L2 (D). Let k and K be the optimal values of the rearrangement
optimization problems (3.2) and (3.3) respectively (see Theorem 3.1). Then, for all o
in (k, K), there exists a unique f € R(fo) such that ®(f) = o and it verifies

3.7 O, (f) = su inf @ (g+h
(3.7) (f) gERR'y)hGR2(7) (g+h)

for some v € (0,|D]), where R1(y) = Rp(f§Xj0,4) and Ra2(v) = Ro(f&xp.01)-
Moreover, there exist a positive constant m., a nondecreasing function 11, and a
nonincreasing function ny such that

(3.8) flz) = m(w(r)), =Bl ={w>m,},

B(w(@), @e By = {w<m).

5For two measurable sets A, B such that A = B, we mean |A A B| = 0, where A denotes the
symmetric difference between two sets.
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Proof. Observe that

o(y) = sup inf ®,(g+h)= sup inf (g + hwdz

gER1(7) MER2(7) gER1(7) NER2(7)
) = sup / gwdx +  inf / hwdz
(3:9) 9ERL(Y) heR2(v)
|D] A A
= [ ot wies [ o640 - o
gl

where we have used the Hardy-Littlewood inequality in the last equality; see [7,
Theorem 1], for example. Let us set 8 = |S(fo)|- It is easily seen that o(0) = k, and
o(y) = K for all v € [B, |D|]. We shall show that o(:) is continuous on [0, 8]. To this
end, we extend the domain of w? to [0,00) by setting: w(0) = supp w = maxpzw
and w? (t) = 0 for all t > |D|. Let us fix 71,72 € [0, 3], then we obtain

(310)  olw) —o(m) = [ [0 @

71

|D|
- / SR + D] — 1) — wB (9 + | D] — D)t

1

Y N Y

71

Since the graph of w has no significant flat sections on D, and w is positive on D, w®

is (strictly) decreasing, and positive on (0, |D|). From [28, Theorem 2], we infer w is
Lipschitz on D. Applying the proof of [23, Proposition 4.2.4] or [6, Corollary 2.6], we
have w? € C[0,|D|]. This, in turn, implies w® is uniformly continuous on [0, |D|].
From (3.10), it follows that o(y1) — o(v2) as v1 — 2. So, o(:) is continuous on
[0, |D]]. This result implies for « € (k, K), there exists v € (0, 3) such that o(vy) = a.
On the other hand, we can find m,, > 0 such that |EXf| = v and |E] | = [D| —. From
(3.9), we have
o(y) = sup / gwdr +  inf hwdz.
gER1(v) JEF heR2(v) JEZ

Since the graph of w has no significant flat sections on D, we will obtain the repre-
sentation in (3.8) from Lemmas 2.7 and 2.8. Furthermore, for every v € (0,|D]), the
solution to (3.7) is unique. .

Finally, to prove the uniqueness of f, it suffices to show o(-) is (strictly) increasing
on (0,). To this end, we recall that w is Lipschitz on D. Hence, from the proof of
[21, Theorem 2.3.2], we deduce w® is Lipschitz on (e,|D|] for any 0 < € < |D|. For
v € (0, 8), applying Lemma 2.5, Proposition A.1, and Remark A.2 to (3.9), it yields

D) w
o'(y=) = —fe (M () + e (M (D) + [ fo(t )8 —(y+|D[ - t)dt

Y

=—f5 (v / fot "/+|D|_t)

IN

R () + 78 0) / %w +1D| -~ t)ar

= () [~w () + w? (v + |D| - B)] <0,
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where we have used the fact that w?® is (strictly) decreasing on [0,|D]] in the last
inequality. Hence, it follows from Proposition A.3 that o(-) is (strictly) increasing on
[0, 3). This completes the proof of the theorem. O

COROLLARY 3.5. Let E, fo be as in Corollary 3.2. Suppose k and K are the
optimal values of the corresponding rearrangement optimization problems (3.2) and
(3.3), respectively. Then, for all o in (k,K), there exists a unique x z € R(xE) such
that ®,(x ) = « and it satisfies the maz-min problem (3. 7) for some v € (0,|D]).
Furthermore, E is comprised of two connected components: Ey = {w > my} for some
mp > m, and E2 = {w < ma} for some ma < m.. If D is a ball centered at the
origin with radius a, then E\ is a ball centered at the origin, while Esisa ring around
the boundary.

Proof. The assertions follow from Theorem 3.4. In particular, the last assertion
is due to the fact that w is (strictly) radially decreasing. d

The last result of this section is a converse of Corollary 3.5.
THEOREM 3.6. Let D, E be as in Theorem 3.3. Suppose a € (k,K), and there
exists X € R(xE) such that ®,(x ;) = a and it satisfies the max-min problem (3.7)

for some v € (0,|D]). If the inner connected component of E, denoted E\, is a ball
centered at the origin and F1 = {w > m} for some m > 0, then D is also a ball
centered at the origin.

Proof. The proof is a minor variant of the proof of Theorem 3.3. d

4. Rearrangement optimization problems with Dirichlet boundary con-
dition. In this section, we consider the same boundary value problem (3.1). As usual,
uy € H}(D) is denoted to be the unique solution of (3.1) for f € L*(D). We fix a
nontrivial, nonnegative fo € L?(D). We are interested in the following rearrangement
optimization problems:

4.1 inf  ®4( urdx

( ) fER(fo) / ! !

and

(4.2) sup  g(f).
FER(fo)

We recall two known results here.

PROPOSITION 4.1. The problem (4.1) (or (4.2)) has a solution f € R(fo). More-
over, [ = n(uf) a.e. in D for some nonincreasing (or nondecreasing) function n. In
particular, the minimizer for problem (4.1) is unique in R(fo).

Proof. For the proof see [9, Theorem 2.1] and [7, Theorem 7]. 0

PROPOSITION 4.2. Let D be a ball centered at the origin. Then, the problem (4.1)
(or (4.2)) has a unique solution f € R(fo). Moreover, f is radially nondecreasing (or
nonincreasing).

Proof. For the proof see [9, Theorem 3.1]. 0

COROLLARY 4.3. Let E be a measurable subset of D satisfying 0 < |E| < |D|,
and let fo = xg. The problem (4.1) (or (4.2)) has a solution x; € R(xE), where
E = {uy, < m} (or E= {uy, > m}) for some m > 0. If D is a ball centered at
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TABLE 1
Test functions for the minimization problem (4.1).

m, T € EC,
— 2 2 N
N =2 v(z) = —Rjz‘ +R7210g%+m, r € EUOD,
—n ‘D‘f‘E‘
where R = Y}/ o
m, T EEC,
v(x) =q _lz|> _ RNjz]>~ N R? ;
N>3 N T Nv-z taw-g T TEEUID,
_ n/|D|-|E]
where R = o
TABLE 2

Test functions for the mazimization problem (4.2).

2 12 A

R 1‘1‘ +m, T €k, 7

N =2 = . h R= 7Y —.

v(@) %2 log % +m, z€ E°UaD, where wN

2 .12 N
R ;1\‘,1‘ +m, r € F, —
N >3 | v(z)= where R = 7/EL
RN |z N R? e U o “N
N(N=3) ~ N(N—3) T ®€E°UID,

the origin with radius a, then the minimizer (or maximizer) X z is unique and Eisa
ring around the boundary (or a ball centered at the origin).

The main result of this section is the following theorem which is a converse of
Corollary 4.3.

THEOREM 4.4. Let D and E be as in Theorem 3.3. If a solution of (4.1) (or
(4.2)) with fo = xg is Xz in which E = {uy, <m} (or E= {uy, > m}) for some
m > 0 and E° (or E) s a ball centered at the origin, then D is also a ball centered
at the origin.

Proof. The proof is almost the same as the proof of Theorem 3.3, except that u, ,
plays the role of w and different test functions, v, should be used. For the convenience
of the readers, we list the test function for each case in Tables 1 and 2. a

5. Rearrangement minimization problems with Robin boundary con-
dition. Consider the boundary value problem

{ —Au=f in D,

(5.1) Ju

— 4+ pfu=0 ondD,

ov

where D is a bounded domain in RY (N > 2) with C1'! boundary, v denotes the
outward unit normal vector on 9D, and 3 is a positive constant. For f € L2(D),
uy € HY(D) is a (weak) solution of (5.1) if and only if the following integral equation
holds:

(5.2) /Vuf-Vgoda:—Fﬁ/ ufgodHNd:/fcpdx VYo e H (D).
D oD D

We denote the norm on H'(D) by | - ||, and we use ¢ or C to denote constants that
may vary from one step to another.
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It is classical that the boundary value problem (5.1) has a unique solution uy €
H'(D), which is the unique minimizer of the functional

1 1
E(u) := 5/ |Vu|*dx + §ﬁ/ wrdHN ! —/ fudz,
D aD D

relative to u € H'(D). Moreover, the bilinear form a : H*(D) x H'(D) — R defined
by

a(u,v) ::/Vu-Vvda:—l—ﬁ/ wodHN "1 Yu,v € HY(D)
D aD

is coercive, continuous, and symmetric.
We are interested in the following minimization problem:

(5.3) nf () = /D fusda,

where fp is a nontrivial, nonnegative function in L?(D), and u ¢ denotes the unique
solution of (5.1) corresponding to f.
The first main result of this section is the following.

THEOREM 5.1. The problem (5.3) has a unique solution f € R(fo). Moreover,
we have f = n(uf) a.e. in D for some nonincreasing function 7.

To prove Theorem 5.1, we shall need the following.

LEMMA 5.2. The following statements are valid.
(i) @, is weakly sequentially continuous on L*(D).
(ii) @, is strictly convex.
(iii) ®, is Gdteaux differentiable. Moreover, the Gateauz derivative of ®, at a
given f, denoted ®.(f), can be identified with the function 2uy.

Proof.
(i) Let f, — f in L?(D) and set u,, = uy, for simplicity. By using (5.2) and
recalling coercivity of a(-,-), we have

2
CHUnH < a(un,un) = / faundr < ”anz ”un”g < ”an2 Hun”
D
So, {uy} is bounded in H'(D). Thus, we infer the existence of a subsequence,

still denoted {u,}, and v € H*(D) such that u, — u in HY(D), u, — u in
L?(D), and u,, — u in L?(0D). From the definition, we find

/Vun-Vgodx—i—ﬁ/ ungodHN_lz/ fnpdr Vo € HY(D).
D aD D

Passing to limit in the above equation yields

/Vu-chdx—l—ﬁ/ ugodHN_l:/fcpdx Yo e HY(D).
D aD D

This means u is a solution of (5.1) corresponding to f. Hence, u = ujy.
Recalling that u,, — v = uy in L*(D), we deduce

D, (fn) :/Dfnundx—>‘/Dfufdx:<I>T(f),

as desired.
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(ii) From the variational formulation of uy, we obtain

(54) (I)r(f) = —2E(Uf) = wu]c (f) = Ssup ¢u(f),

u€H (D)

where ¢, (f) := 2 [, fudz — [, |Vul*dz — 8 [, , u>dH" ! for all u € H'(D).
So, ®, is convex, being the supremum of a collection of affine functions.
However, ®, is actually strictly convex. Indeed, we can prove this by the
method of contradiction. To this end, suppose there exist ¢t € (0,1), f,g €
L?(D), and f # g such that

(55) (I)r(tf + (1 - t)g) = tq)r(f) + (1 - t)q)r(g)'

Denoting us = usp1(1-¢)g, (5.5) leads to
2/ [tf + (1 —t)glupdx — / |V |2 de — ﬁ/ utdHN 1
D D oD

:t<2/ fufdx—/ |Vuf|2dx—ﬁ/ u?dHN_l)
D D oD
+(1-1 <2/ gugdx—/ |Vug|2dx—ﬂ/ uzd’HN1>.
D D aD

By moving all terms to the right-hand side, we obtain

t [wuf (f) - wm(fﬂ + (1 - t) [wug (g) - wm (g)] =0.

Recalling the supremum in (5.4) is uniquely attained, we must have uy =
up = ug a.e. in D. Combined with (5.2), this clearly implies f = ¢g which is a
contradiction.

(iii) Let us define the operator K : L?(D) — H'(D) by setting K (f) = uy. It is
easy to show K is linear; furthermore, it is symmetric in the sense that

/ fKgdx = / gK fdx Y f,gec L*D).
D D
Fix f,h € L?(D), we then have

<I>r(f+th):/Dfoda:+2t/Dhdex+t2/DhKhda:.

Hence, it follows

! (fih) = lim 2r ) = () :2/ hK fdz.
t—0t t D
Since K f = uy € H'(D), we have ®.(f) = 2uy, as desired. 0

Proof of Theorem 5.1. First, let us consider the following relaxed problem

(5.6) inf  ®.(f).
FER(Fo)

Since R(fo) is weakly sequentially compact (Lemma 2.6(ii)) and ®,. is weakly sequen-
tially continuous (Lemma 5.2(1)), the problem (5.6) is solvable. Due to the convexity
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of R(fo) (Lemma 2.6(ii)) and strict convexity of ®, (Lemma 5.2(ii)), the solution
to (5.6) is unique and we denote it by f. For an arbitrary g € R(fy), we have

f+tlg—f) € R(fo) for all t € (0,1). So, by applying Lemma 5.2(iii), it follows that

@, (f — M =o.(f "
0< lim (f+t(g tf)) (f) =2/Duf(g—f)dx~

This means

/Dufgdxz/Duffdx Vg€ R(fo)-

Hence, f minimizes the linear functional L(h) = Jpu jhdz relative to g € R(fo).
On the other hand, from the differential equation in (5.1), in conjunction with [18,

Lemma 7.7], it follows that the graph of ug has no significant flat section on S(f).
By using Lemma 2.12, we infer the existence of a nonincreasing function 7 such that
n(uz) € R(fo). Applying Lemma 2.8, we must have f =n(uz) € R(fo) as desired. O

Our second result of this section is the following.

THEOREM 5.3. Let D be a ball centered at the origin with radius a. Then, the
problem (5.3) has a unique solution f € R(fo). Moreover, f is radially nondecreasing
and it satisfies f = n(uf) a.e. in D for some nonincreasing function n. Furthermore,

uy is positive throughout D.

Proof. In light of Theorem 5.1, the problem (5.3) has a unique solution f € R(fo)
such that f = n(uy) for some nonincreasing function 7. Thus, @ = u is a solution of
the following boundary value problem

{ —Au=mn(u) inD,

%—f—ﬁu:o on dD.
ov

(5.7)

Recalling that 1 : R — R™ is nonincreasing, we consider n(m) = M > 0 for some

m € R. Then, set ((t) = — f; n(s)ds. Since 7 is nonincreasing, ¢ is convex and clearly
continuous. We introduce the energy functional related to (5.7), J : H(D) — R, by

1 1
J(u) = 5/ |Vu|2dx+§ﬂ/ u%mN*u/ ¢ ouds.
D oD D

By using the coercivity of a(-,-), coupled with the fact that n is nonincreasing and
nonnegative, we derive

ﬂMZdWW+/

{u>m}

Coudr > c||ul? —M/ |u — m|dx
D
> cllull® = Clull - C.

Thus, J is coercive.® On the other hand, we have
/goadxg/ goadxg/ (m — an(i)de < [lm — il | ]|, < oo
D {i<m} {i<m} 2

6For the coercivity of J(-), we mean J(u) — 400 as |lu| — +oo.
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From this, we infer J(4) < oo, i.e., J(-) is proper in the sense of convex analysis; see
for example [14]. Since J is strictly convex, by applying the direct method of calculus
of variations, we deduce @& must be the unique minimizer of J.

Next, we fix an arbitrary unit vector €. Since ( is continuous, we can apply
Lemma 2.13 to obtain

/|Vu| dx + ﬁ/ WdHN T+ /goudx
/|v *12dx + ﬁ/ a dHN T /goudx>J()

As 4 is the unique minimizer of J, we must have & = 4*. Since the vector € is
arbitrary, we deduce @ is radial. By using the formula f = n(a), we infer f is radial
as well.

At this stage, let us consider the following initial value problem

1 1.1/ 3 , ,
— = () = f), W(0) =0, w/(a) + Bu(a) = 0.

We know that @ is the unique solution of (5.8). By integrating (5.8) from 0 to 7, we
derive

PN (r) = — TstlAs s
(5.9) (") / f(s)d

Thus, @' < 0, since f > 0. Hence @ is nonincreasing. By using the formula f = n(a)
again, we see that f is radially nondecreasing as desired.

To finish the proof, we need to show @ > 0. To this end, we first find an explicit
formula of 4. Substituting r = a in (5.9), we get

' (a) = —%/0 SN f(s)ds

Using the boundary condition in (5.8), we deduce

ia) = —— [ sV f(s)ds
(5.10) ia) = 5oy [ 5% F e

J (@)

\ \/

(5.8)

Now, integrating (5.9) from r to a yields

/ P 1/ N=1f(s)dsdt
N N

where we have used (5.10) in the second equahty. Clearly7 a(r) > 0 for all r € [0, a.
So, we have @ > 0 on D as desired. a

Remark 5.4. We could also prove Theorem 5.3 by using a rotation lemma as in
the proof of [15, Theorem 3.2].

The following is an immediate consequence of Theorems 5.1 and 5.3.

COROLLARY 5.5. Let E be a measurable subset of D satisfying 0 < |E| < |D|,
and let fo = xg. The problem (5.3) has a unique solution x; € R(xe), where
E= {uXE < m} for some positive m. If D is a ball centered at the origin with radius

a, then E is a ring around the boundary.
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The next main result of this section is a converse of Corollary 5.5.

THEOREM 5.6. Let D be a bounded, connected domain in RN (N > 2) with C1!
boundary, and consider a measurable set E C D satisfying 0 < |E| < |D|. If the
solution of (5.3) with fo = xE is X, in which E= {uy, <m} for some m >0 and
E¢ is a ball centered at the origin, then D is also a ball centered at the origin.

Proof. We divide the proof into two steps.

Step 1: u, is radially nonincreasing on D. This can be shown by similar techni-
calities as in the proof of Theorem 3.3 with test functions listed in Table 1.

Step 2: D is necessarily a ball centered at the origin. We will use some ideas from
the proof of [22, Theorem 2]. In order to derive a contradiction, let us suppose D is
not a ball centered at the origin. Since D is bounded and E¢ is a ball centered at the
origin, there exist B(0,a) and B(0,b) satisfying 0 < a < b < oo such that B(0,a) is
the largest ball centered at the origin with B(0,a) C D, while B(0,b) is the smallest
one satisfying D C B(0,b). Furthermore, there exists z,,z;, € 0D such that |z,| = a
and |zp| = b. Tt follows that the outward unit normals to D at z, and x}, are z,/|x,|
and zp/|zp|, respectively. As a result, u, . satisfies the initial value problem (5.8) at

2 =z, and = x,. By using (5.10) with f = X j;» We obtain

N
{Ux,;(a) = NL;; - #7

b RN
Ux g (b) = NG ~ NBN -

»/|DI—|E
where R = DI | E|

the conclusion of Step 1. This completes the proof of the theorem. a

. It is obvious that u, . (a) < u, . (b) which is a contradiction to

It is well known that the Dirichlet boundary condition can be recovered by setting
B = o0 in (5.1). The following result, in which we approximate the Dirichlet problem
by Robin problems, seems to be interesting.

THEOREM 5.7. Let D be a bounded domain in RN (N > 2) with C11 boundary,
and fo € L%(D). Let fo € R(fo) be the unique solution of the minimization problem
(4.1) and us € HE(D) satisfies
{ —AUgo = foo in D,

(5-11) Uso =0 on 0D.

Let 8> 0, fz € R(fo) be the unique solution of the minimization problem (5.3) and
ug € HY(D) satisfies

(5.12)

%—Fﬁug:() on 0D.

{ —AU5 = fg m D,
ov

Then, we have
(5.13) lim ||fs = fooll, =0, lim [lug —us|l, =0, lim ®.(fz) = Pa(foo)-
B—o0 B—o0 B—o0

Remark 5.8. Through the proofs of [15, Theorem 3.1] and Theorem 5.1, we know
feo and fs are also the unique minimizers of the following relaxed problems, respec-
tively:

(5.14) Pu(foo) = inf  Pq4(f)
FER(fo)
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and

(5.15) O,.(fg) = inf @.(f).
FER(fo)

Proof of Theorem 5.7. From (5.12) and (5.2), we have

/|VUB| dx—l—ﬁ/ ug 2aHN ! /fﬂ’d@dl‘

By using the coercivity of a(-,-) and Lemma 2.6(i), we infer

2
cllugll™ < sl luslly < I fslly lusll = [l folly lusll -

So, {ug}gso is bounded in H'(D). Since {fz}s>0 is bounded in L?*(D), by passing
to a subsequence, we have

(5.16) ug, — @ in H'(D),
(5.17) ug, — @ in L*(D)and L*(0D),
(5.18) fs, — f in L*D),

where 8,, — 00 as n — oo. From (5.12) and (5.2), it follows that
/ Vug, - Vedz + 5n/ ug, pdHN ! = / fa.pdz V€ HY(D).
D aD D

Passing to the limit in the last equation, the convergences (5.16), (5.17), and (5.18)
imply

/ tpdHN "' =0 Ve e HY(D).
oD
From this, we deduce @ = 0 on D, hence, & € H (D). On the other hand, we have
/ Vug, - Vdx :/ fa.pdr ¥ € HY (D).

D D
Passing to the limit, we get

/ Vi - Vodr = / fedr Yo e HY D).

D D

Whence, @ € H}(D) solves

~Ai=f inD,
u=0 on 0D.

At this stage, we recall the minimization problem (4.1). Since f € R(fo) by (5.18),
it follows from (5.14) that

(5.19) /foouoodx—fbd(foo <<I>d /fuda:
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Next, we denote by wg, € H*(D) the solution of the following boundary value
problem:

—Awg, = foo in D,
2
(5.20) ('9(190% + Brwg, =0 on0D.

It follows from (5.2) that
/ |Vwg, |*dx + ﬁn/ wi dHN T = / foowg, dz.
D oD D
By using the coercivity of a(-,-), we obtain

2
cllws, [I” < [l foollz lws, o <l foolly llws, I -

So, {wg, } is bounded in H'(D). By passing to a subsequence, if necessary, still
denoted {wg, }, we have

wg, — 4 in HY(D),

(5.21) o 9 9
wg, —u in L*(D)and L*(0D).

Applying (5.2) to (5.20), we infer

/Vw,@n-V@dx—kﬂn/ wgn@d’HNflz/ footpdr Y € HY(D).
D aD D

Passing n to infinity, in conjunction with (5.21), we obtain
/ apdHN "1 =0 Ve e HY(D).
oD
Hence, @ =0 on D and @ € H} (D). On the other hand, we have

/ Vuwg, - Vodz :/ footpdx Y € Hy(D).
D D

Let n go to infinity, and we get

D D

i.e., 4 € H}(D) solves

—Au = fo inD,
=0 on 0D.

Recalling (5.11), by uniqueness, we must have & = .
Returning to the minimization problem (5.3), reciting (5.20), we derive

/ fa,up,dx = (I)r(f,@n) <P, (foo) = / foowg, dx.
D D

Passing n to infinity by applying (5.17), (5.18), and (5.21), we infer

(5.22) @d(f):/Dfadxg/Dfooadx:/Dfoouooda::%(foo)-
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Finally, from the minimization problem (4.1), combined with (5.19) and (5.22),
we must have f = fo and & = us. By using (5.17), (5.18), and Lemma 2.14, we
infer

nh_?;o ”an - fOOHQ =0, nh_g.lo Huﬂn - u00||2 =0, nh_?;o q)r(fﬁn) = (I)d(fOO)'

Because the sequence has only one accumulation point, the assertion follows. d

Appendix A. Two analysis results. In section 3, the following two basic
results from analysis were utilized, and we present them here for completeness. The
first one is a variant of the Leibniz rule; see [16].

PROPOSITION A.1. Let S = [a,b]? C R? with a < b, f € L*(S), a € (a,b], and
F(z) = [7 f(z,t)dt for x € [a,b]. Suppose f(,-) is left continuous on (a,b) for
all x € [a,b], and for each € € (0,a), f(-,t) is Lipschitz continuous on [€,b] with a
uniform Lipschitz constant L. for all t € [a,b]. Then, F is left differentiable for all

€ (a,b) and

(A1) Fl(z—) = —f(z,z) + ax—_(aj, t)dt.

Proof. We fix an arbitrary x € (a,b). For sufficiently small & > 0, we have

JE" fla, bt
o dt + 5 .

F(x—h)—F e=h g — —

PP L Ny LAY 0
h o

Without loss of generality, we assume « > x. Since f(-,t) is Lipschitz continuous on

[e,b] with 0 < e <  for all ¢ € [a,b], we infer

lim f(ﬂ:—h,t)—f(ﬂi,t)

h—0t h

of
Ox—

X[z—h,a](t) = 57— (@, ) X[z, (t) VT E [a,0] ace.

Recalling that the Lipschitz constant for f(-,t) on [e, b] is L. for all t € [a, b], it follows
from the Lebesgue dominated convergence theorem that

z—h x
(A.3) lim fe=ht) = f@.t) , / ;E—f_(x,t)dt.

h—=0*t Jo h

On the other hand, by using the left continuity of f(z,-) on (a,b) for all z € [a, ], we
deduce

z—h
L Je S t)dt
A4 lim =&2———"— = — .
(A4 AT fa)
Therefore, from (A.2), (A.3), and (A.4), we have (A.1) as desired. As z is arbitrary
n (a,b), the assertion follows. O

Remark A.2. Note that if f(-,¢) is Lipschitz continuous on [a,b] with a uniform
Lipschitz constant L for all ¢ € [a,b], we could let a = a in the above proposition.
b)

C R with a < b, and f € Cla,b]. If f is left
nd f'(x—) <0 for all x € (a,b), then f is (strictly)

PROPOSITION A.3. Let (a,
differentiable at every x € (a, b)
increasing on [a,b).
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Proof. We argue by contradiction and suppose there exist a, 8 € [a,b) with a <
such that f(«) > f(B8). Since f/'(8—) < 0, we may further assume f(a) > f(8) by
choosing a slightly small § if necessary. Then, theset E = {z € [a,b) : f(x) = f(8)} is
not empty and we claim that o = inf E. In order to derive a contradiction, we assume
inf E' =+ and v € (a,b). From the continuity of f, we must have f(y) = f(8). Since
f'(v=) < 0, coupled with the continuity, we infer the existence of k € («,~y) such that
f(k) = f(B) which contradicts inf E = . So, we have @ = inf F as desired. By using
the continuity of f again, we have f(a) = f(8) which is obviously a contradiction.
This completes the proof of the proposition. |
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