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Abstract

The present thesis is a result of research done in the field of optimization
problems related to non-local partial differential equations in past three
years. More precisely it focuses on optimal rearrangement problems in the
context of (non-local) fractional Laplace operators.

In various problems in physics, fluid mechanics and economics certain
functions belong to the same rearrangement class (see Section 1.1). Then
one is interested in maximization or minimization of particular energies and
analyzing the properties of the corresponding optimal solutions. This field of
mathematics is based on research of Geoffrey Burton and his collaborators
and students in 80s and 90s (see [13], [16], [17], [14], [15]). Later the results
have been generalized for the p—Laplace operators (see [43], [33], [42], [31]),
biharmonic operator (see [35], [22]), as well as constrained cases (see [44],
32)).

Most of the classical results known for the Laplace operators have been
generalized in the non-local setting for the first time in this work. Same
time we show that the non-locality implies new phenomena not observed for
local operators. Similarly to the results obtained in [44], the solution of the
energy minimization problem we obtain is not a characteristic function (a
bang-bang function).

Another important feature is the connection between optimal rearrange-
ment problems and free boundary problems, particularly the obstacle prob-
lem, known for the classical (local) optimal rearrangement problems. Our
analysis allows to derive the fractional version of the so-called normalized
obstacle problem from the rearrangement context, and obtain a new type of
equation for its solutions. The results in Chapter 3 and Chapter 4 of this
thesis are published in [8] and [7] respectively.

Short about the structure of the thesis: in Chapter 1 we introduce some
backgrounds and applications; in Chapter 2 we introduce some preliminaries
in fractional setting; in Chapter 3, we study the fractional optimal maximiza-
tion problem; in Chapter 4, we study the fractional optimal minimization
problem; In Chapter 5, we study the fractional analogue of the variational
minimization problem introduced in [37].
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Chapter 1

Introduction

1.1 The Rearrangement Problem

In many applications (see Section 1.2) certain quantities are not given, but
one has information about the distribution of their values. This leads to the
mathematical theory of optimal rearrangement problems. We say that two
real valued functions f and g defined on a bounded domain 2 C R"™ have
the same value distribution, and write f ~ g, if

£ (77 ([8,00))) = £ (97 (18.0¢))) for any real .

One can easily see that ~ defined above is an equivalence relation, so one
can define the rearrangement class generated by a function fjy as follows

Ry =115 f ~ fo}-

The function fo is then called the generator of the rearrangement class R, .
In present work we will take fo from L>°(Q2) and denote by Ry, the weak*
closure of Ry, in L>(Q) .

The following optimal rearrangement problems have been discussed in
[13], [16] and [17]. Let uy be the solution to the Dirichlet problem

{—Auf(:c) =f(x) inQ, (1.1)
up(x) =0 on 012,

where f is the source function and uy is the potential. One can think of the
external heating and heat distribution respectively. One is interested in the
minimization and maximization of the energy functional

1
E(f) = 2/Q|Vujr|2daz

for a given distribution of external heating, i.e., the minimization /maximization

of E(f) over the set Ry,. In this thesis, we will restrict ourselves to the case



of the rearrangement classes generated by characteristic functions fy = xg,,
i.e.,

Rg={f:f=xg|El=8}, (1.2)

where 3 = |Ey| € (0,]9]).

Since the set Rg is not closed in weak®—topology, one has to consider
the problem (1.1) in weak* closure of R, which is denoted by Rg.

The convexity and and sequentially compactness of 735 in weak*—topology
follows from Lemma 2.2 in [16], which we present below in notations we use,
and in the setting of p =1, ¢ = cc.

Theorem 1.1.1. Let (2, 41) be a measure space, fo € L'(n) and Ry, be
the class of rearrangements of fo on §). Also, let Ry, denote the closure
of Ry, in the L>—topology on L*(u). Then ﬁfo s convex, So ,ﬁ’fo equals
the closed convex hull of Ry,. Moreover, Ry, is sequentially compact in the
L —topology.

The following theorem gives the explicit formulation of Rz in the case
Jo=xg; |E| =B (see [17]).

Theorem 1.1.2. We have the following characterization of Rg
Rgz{f:Oﬁfgl,/fdx:B}CLOO(Q). (1.3)
Q

1.2 Application to Fluid Dynamics

In this section, we will show how rearrangement problems relate to fluid
dynamics. The content is based on any standard textbooks such as [1] or
[4].

Let ©Q be a open, bounded, simply connected domain in R? with C?
boundary. We consider a two-dimensional incompressible flow in £ x (21, 22).
Since there is no z-dependence, we denote a two-dimensional velocity field
by

u(x7 Y, %, t) = u(x, Y, t) = (ul(x’ Y, t)a u2($, Y, t)? 0) :

There exists a measure-preserving diffeomorphism @, : 2 — Q which carries
a material point = at time ¢ = 0 to the point ®;(z), it will flow to after time
t. Since the flow is incompressible, we have

|A| = |®+(A)|, for any volume A C 2 and t > 0.



i(A)
A
We denote the vorticity of the flow by
R B
w=Vxu=|090, 0y 0, |, (1.4)
U U 0

A flow is irrotational if w = 0. For an incompressible fluid, the density of a
material element does not change following the flow and by conservation of
mass, incompressibility is equivalent to

V-u=0. (1.5)
Since the third entry of u vanishes, (1.5) gives the identity
Ox oy
This property opens door for streamfunctions ¢(x,y,t), which is defined by
u=V"'6=(py,—¢s0). (1.6)

Substituting (1.6) in (1.4) we obtain the following relation between vorticity
and streamfunction.
w = (0,0,—Ayp). (1.7)

The flow is irrotational if its streamfunction is harmonic. It is easy to show
that ¢ is constant on streamlines and hence the following Proposition implies
that ¢ is constant on 0f).

Proposition 1.2.1. Stationary rigid boundaries are streamlines.

Proof. Since a flow cannot penetrate a stationary rigid boundary (no inflow
and no outflow), u is perpendicular to the outward normal vector on the
boundary. Hence, u must be locally parallel to the boundary. But u is
locally parallel to streamlines, and the result follows. O



Deduced from Euler’s equations, we have the following vorticity equa-
tion,

D
?c: =(w-V)u, (1.8)
where % is the material derivative. The equation (1.8) gives the rate of

change of vorticity following a fluid particle in a flow. For our 2D flow, we
have w = (0,0,w) and thus

D

?";:(w~V)u:0. (1.9)
This implies that w cannot be created or destroyed by the flow. Now, we fix a
fluid particle x at t = 0 and observe its vorticity at time ¢: wi(x) = w(P¢(z)).
From (1.9), we obtain

wi(x) = &y o wo(x), (1.10)

for any x € 2 and ¢ > 0. This implies the following lemma.
Lemma 1.2.1. The functions ws(x) belong to the same rearrangement class.

By (1.7), (1.10) and Proposition 1.2.1, we have that the streamfunction
o(z,y,t) satisfies the following PDEs,

(1.11)

—Ap=w in,
=0 on 0f).

Thus finding the maximum or minimum of the kinetic energy

E(u):/Q|u]2dx:/Q]Vgo|2d:c

is equivalent to solving the optimal rearrangement problem introduced in
Section 1.1.

1.3 A Probabilistic Motivation to Fractional Lapla-
cian

In this section, we would like to introduce the fractional Laplace operaters
(=A)® (see Definition 2.2.2) and fractional Laplacian equations from the
probabilistic point of view, which is closer to the physical concept of diffusion
and therefore closer to certain applications of rearrangement problems (see
2], [44]).

According to [12], one may consider two examples where probabilistic
models motivate fractional Laplacian equations. We consider a function
u: R™ — R, and a fractional parameter s € (0,1). Firstly, we are going to
construct a probabilistic process model



Let N denote positive natural numbers and I C N. The probability
measure of [ is defined by

Z ‘k‘l—i—Qs

kel

where ¢(s) := (Ekerﬁ) ' is the normalization constant, and thus we
have P(N) = 1. Also, we denote the unit ball centred at origin by Bj.
Now, we consider a particle jumping randomly in R™ with discrete time
and distance. We denote the time step and distance step by 7 and h respec-
tively and set
T = h?%.

We denote the probability of the particle being found at time ¢ in the point
x by u(x,t). At each time step, the particle moves in the direction v €
0B according to uniform distribution. It moves & € N units of length h,
where k is distributed according to the probability law P. Observe that the
probability of a jump is inversely proportional to its length, so long jumps
are less probable.

We denote the probability of finding a particle at zg at time ¢t + 7 by
u(xo,t + 7), which is the sum of the probabilities of finding the particle
at the point zg + khr at time ¢ times the probability of having selected
such a direction (v) and such a distance (kh). Hence we have the following
expression where 7 does not appear on the right hand side.

1 o
u(zo,t +7) = 10B1| Ja5 ( Z |k;|1+2s u(zo + khv, t)> dH" (v),
1 keN*

where H"~! is the (n — 1)-dimensional Hausdorff measure and c(s)/|0B)| is
a normalization constant. We subtract u(zg,t) and obtain,

(;UO,IH—T —u :Uo,t) =

:UO + k‘hl/, t) - ’LL(ZL‘(), t) n—1
Z / |Fe[1+2s dH"(v).

keN*

831 |

By symmetry, it is easy to see that the equality above remains true if we
change v to —v. Then, we sum them up and obtain,
($07 i+ T) - U(xo, t)

B Z / u(zo + khv,t) + u(zg — khv,t) — 2u(xo, t)
2|8B1’ . JoB ||+

dH" " (v). (1.12)




Now, we divide (1.12) by 7 = h%* and take a limit h — 0.

(xo,t + 1) — u(xo, t)

Opu(z,t) = lim
70 T

— fim c(s)h / u(zo + khv,t) + u(xg — khv, t) — 2u(xo, t)

h—0 2|aBl| S Jos |hk| 125

d”H” Y
B (xo + rv,t) + u(xg — rv, t) — 2u(xo, t)
= 2|6B1| / /831 |r|1+2s

dH™Y(

) [ ot ule =)~ Pulan)
~ 200B1] Jpo y[ 2 !
= —c(n,s)(—A)u(zo,t), (1.13)

where in the third equality we apply the Riemann sum and c¢(n,s) is a
suitable constant. We reach

du+ (—A)u=0 (1.14)

as required (see Definition 2.2.2, Lemma 2.2.1).

We keep the probability model above, and set a subdomain € in R™.
New value will be assigned to a particle according to the rule consisting of
two cases. In one case when the particle jumps to a point in R™ \ Q, it
will be assigned a prescribed value ug (this new value will replace the old
one). In the other case when the particle jumps to a point in 2, no new
value will be assigned. In this situation, we obviously have u(x) = ug(x) for
x € R™\ Q. Then, our question is that what is the expected value of the
particle which starts its motion at xg € €. Indeed, the expected value at
xg is the average of all values at xg + khv, weighted by the probability of
jumps with the parameters A and v. Therefore, we obtain,

c(s) / u(zo + khv) .4
——"dH .
"= 03 2 o, v

By changing v to —v, we have

_c(s) u(zog — khv) .~
u(zo) = 0B Z /631 k|1 +2s dH" " (v).

keN*

By summing them up, we have,

c(s) / u(xo + khv) + u(zg — khv)
0B1| £ Jon, ||t +2s

2u(xzg) = dH" 1 (v).

keN



Since ¢(s)/|0B1| is a normalizing constant, we subtract 2u(xg) and obtain,

0— c(s) Z/ u(xo + khv) + u(:f?rz: khv) — 2u($0)d7{”—1(y),
0B1] £ Jos, ||

Now, we adopt the similar techniques in (1.13) and take a limit h — 0% to

obtain the following fractional boundary value equations,

{(—A)Su =0, inQ,

' (1.15)
u = uy, in R™\ Q.

which is the homogeneous fractional steady-state diffusion equation in a
bounded domain.

Classical diffusion occurs in numerous problems which describe diffusion
of some energy field in nature, e.g., electrical potential and temperature
field. By [51], the normal diffusion is represented by the classical Heat
equation or Fokker-Planck linear equation. From above, (1.14) is derived
by a random jump and it is called the standard linear evolution partial
differential equation involving diffusion and fractional operators. In order to
describe anomalous and long-range diffusion, which explains a great variety
of phenomena in areas of physics, finance, biology, ecology, geophysics, and
etc., studies prefer to use fractional equations instead of classical ones.

1.4 The Obstacle problem

One can derive the classical Dirichlet boundary value problem

{—Au = f(z) in (1.16)
u(z) = () on 9.

from the following simple minimization problem,
1
minimize: ®(v) :/ §|V’U|2 + f(x)v(z)dz
Q
over the set
K = {v eWL2(Q) v —pe W&’Q(Q)}.

This can be seen as a mathematical model of an elastic membrane attached
at the boundary at level ¢ and subject to an external force f. One can
get the classical obstacle problem by adding an obstacle constraint to the
problem above, i.e., minimize ®(v) over

Ky={ueK:u>g}.

Though it seems to be a very simple constraint, it leads to rather complicated
and challenging mathematics (see [18], [36], [47]). The main difficulty is the



analysis of the so-called coincidence set {z : u(z) = g(x)} and its boundary
oz :u(z) > g(x)}, known as the Free Boundary.

The case when f = 1 and g = 0 is called the normalized obstacle problem,
which heuristically models a heavy membrane hanging above a rigid plane
surface. In this case the functional can be rewritten as

1
J(v):/ 5|W|2+v+d;z, (1.17)
Q

where vt = max{0,v}. The minimizer of (1.17) is the weak solution to the
famous obstacle problem equation

Au(x) = X{u(z)>0}s

which is the Euler-Lagrange equation for the normalized obstacle problem.
One can prove that the solution is a C! function (see [18]). Moreover,
the following theorem is true (see [38]).

Theorem 1.4.1. Let u(x) be a solution to the normalized obstacle problem
in Q. Then there exists a constant C(n) depending only on the dimension
n such that if u(y) = 0 and By/q C Q then

|D*u(z)| < C(n) for every x € Bys(y) N {u > 0}.
Moreover, u(zx) is analytic in {u > 0}.

The most challenging results however concern the regularity of the free
boundary. It has been proven that the free boundary is C1® up to a singular
set ¥(u). Moreover, ¥(u) is contained in a countable union of C!—manifolds
of dimension k£ <n — 1 ([18], [36], [47]).

1.5 Connection between Obstacle Problems and
Rearrangement Problems

Let © be open and bounded in R™. We consider the functional

o(f) ;_/Q\vuf\de, (1.18)

where u; is the unique solution of the Dirichlet boundary value problem

with f € 7_3ﬁ
{—AUf(I) = f(z) in Q, (1.19)

ur =0 on 0f).
The connection between obstacle problems and rearrangement problems

is demonstrated by the following maximization problem and minimization
problem.



1. We consider the maximization problem
®(f) — max,

over f € Rg.

This problem and its variations, such as the minimization problem
and its p—harmonic and constraint cases, as well as the analogous
eigenvalue problems, has been studied by various authors (see [13, 17,
34, 24, 25, 26, 19, 20, 23, 43, 33, 44, 39, 49]). The results, for this
particular setting, can be formulated in the following theorem,

Theorem 1.5.1. There ezists a solution f € Rp such that

B(f) < ®(f)

for any f € ﬁﬁ. Moreover, there exists a constant o > 0 such that

A

f = X{a>a}s

where 4 = Usp.

Let us observe that as a result the function U := «a — @ will be a
solution of the following unstable obstacle-like problem,

—Au = X{u>0}-
2. We consider the minimization problem
®(f) — min, (1.20)

over f € Rg.

This minimization problem is related to the stationary heat equation
whose time derivative vanishes,

ou — Au(z) = f(z) in Q. (1.21)

The external heat source is modelled by f(z) and the Dirichlet bound-
ary condition, u = 0 on 0f2, models the constant temperature on the
boundary of 2. The weak solution u¢,which models heat distribution,
depends on the force function f. We denote the minimizer of (1.18)
7_35 by f , which gives the most uniform distribution u 2 The results,
for this particular setting, can be formulated in the following theorem,

Theorem 1.5.2. There exists a unique solution f € Rgp such that

o(f) > o(f)



for any f € Rg. Also, for the function 4 = uj there exists a constant
a > 0 such that
O<u<ain(,

f = X{i<ay (1.22)
@ =0in{f =0}

Moreover, the function U = a — 4 is the minimizer of the functional
J(w) = / |Vw|? + 2max(w, 0)dz,
Q
among functions w € Wy := {w € WH2(Q) : w = a on 00}, and
solves the obstacle problem equation,

AU = X{U>0}' (1.23)

Proof. The existence and uniqueness of the minimizer as well as the
properties (1.22) follow from [17, Theorem 2.1]. Let us now show that
U = a — 4 minimizes J. We introduce the functional

I(w) ::/ \Vw|? + 2 fwdz,
Q

where w € W,. From the classical theory, one has that U is the unique
minimizer of I, and thus

I(U) < I(v) for any v € W,. (1.24)
Since f € R, we have

I(v) < J(v) for any v € W,,. (1.25)

Moreover one has
/ﬂfdx < / ufdx, for any f 67@5.
Q Q

Consequently, (1.22) implies that

/ U+ de = / Ud = / firde,
Q Q Q

1(U) = J(O). (1.26)
Now, (1.24), (1.25) and (1.26) imply that

which means

JU)=1(U) < I(v) < J(v), forany v e W,.

Thus U minimizes .J.

The equation (1.23) is classical and can be found in [18], [38], and
[47]. O

10



1.6 Variational Optimization Problem

The last problem we would like to discuss in this thesis is the fractional
analogue of the following variational optimization problem from [37].

Let © be a bounded domain in R™ where n = 2,3. For a non-negative
function f in €2, let us consider the classical semi-linear Dirichlet boundary
value problem

—AUW(SU) + quw(x) = f(.’L‘) in €, (1.27)
Uy () =0 on 0.
The following minimization problem,
minimize: J(w / ]Vuw\z + XU, 2 dx = / fugdz,
over the set
weOg:={wCQw <pB<|Q} (1.28)

has been considered in [37].

This can be seen as a mathematical model of an elastic body subject to
an non-negative loading f, with an unknown subset w of prescribed volume
and stiffness.

According to [37], the functional J is non-increasing with respect to the
set inclusion, i.e., if w; C wo then the solutions to (1.27) satisfies uy, < uy,,
and thus we have J(wy1) < J(wz). Consequently, if we do not have the
constraint on the volume of w in (1.28), then inf,co, J(w) = J(2).

Let us consider the following generalization of (1.27)

—Au(z) + l(z)w(r) = f(x) inQ,
w(z) =0 on 0.

= V| + lwdde = | fudz,
1
Q Q

where [ € L*°(Q). If we take | € Rg, then we will obtain the same problem
s (1.27). We are going however to consider the relaxed problem, i.e., the
minimization of J() over

(1.29)

and

Rp = {leLOO(Q);Oglg 1,/ldx:5}. (1.30)
Q

The existence theorem and characterization of minimizer are summarized
as follows,

11



Theorem 1.6.1. There exists | in R which realizes the minimum of J in
7_25. Also,
inf J(w) = min J(I) = J(I).
wEOﬁ ZGRB
Moreover, let ly € 725 and ug = w,. Then ly is a minimizer of J if and only
if
1. If {0 <1< 1} > 0, ug is constant on {0 <1 < 1}.

2. For any x1 € {lo =1}, z, € {0 <1 < 1} and xg € {l = 0}, we have
up(z0) < uop(wx) < uo(z1).

The main difficulty is to find sufficient conditions on f and 3, for the
optimal design [ to satisfy {0 < [ < 1} = (). This means that the relaxed
problem with design set 7@5 is identical with the classical problem with Og.
Thanks to the locality of classical Laplacian, [37] gives the following result
in optimal domain where the uniqueness comes from Lemma 2.1.1.

Theorem 1.6.2. Let 4 denotes the solution of the auxiliary equations
—At(x) = f(z) inQ,
u(z) =0 on 0.

There exists a characteristic function xg which is a minimum of the
functional J if one of the following conditions holds.

1. 0 < f in Q.
2. f < —Af in Q.

3. 8> |{zr € Qu(z) > a}|, where a = inf{f(x);z such that u(z) >

f(x)}.
Moreover, the minimizer Xg s unique.

In Section 1.7 Theorem D, we have generalized the problem to the frac-
tional case and proved the analogue of Theorem 1.6.1

1.7 Main Results

This work studie§ the maximization and minimization of a convex functional
O(f)over feRg={0< f <1, [, fdx = 3} which is the weak* closure of

the set of rearrangements R in L. The Gagliardo-Nirenberg seminorm |2

12



is defined in Definition 2.2.1. The functional ®,(f) := [uf]? is the Gagliardo-
Nirenberg seminorm of u ¢, which is the unique weak solution of the fractional
Dirichlet boundary value problem with 0 < s < 1 (see Chapter 2),

{( A)ug(z) = f(z) in Q,

up(xz) =0 in R™\ Q. (1.31)

Our results ensure the existence of a maximizer on the one hand, and the

existence and uniqueness of the minimizer on the other hand. The max-

imization problem is presented in Chapter 3 and is published in [8]; the

minimization problem is presented in Chapter 4 and is published in [7].
Our main results are as follows:

Theorem A. There exists a mazximizer f € Rp such that

O (f) < Ds(f)

for any f € Rg. Moreover, for any maximizer f € R, there exists a > 0
such that either f = X{a>a} OT f= X{i>a}, Where 4 = Ujp.

The formulation of Theorem A slightly differs from the Theorem 1.2 in
[8]. This is due to a minor mistake recently discovered. In Chapter 3 we
present the corrected proof, and a corrigendum paper is published in [21].

Theorem B. There exists a unique minimizer f € 7_35 \ Rg such that

o, (f) < @s(f)

for any f € Rg. Moreover, f > 0 a.e. in , and for some a > 0, the
function u = Uj satisfies
0<ut<a

{f <1} c{a=a},
{a<a}c{f=1}.

Also, the function U = a — & minimizes the convex functional
J(v) = [v]? +/ vtdz,
Q

among all v such that o —v € HF(Q), and U satisfies the following inequal-
ities

X0y < — (=AU < xquso0}-
Additionally, U is the solution to the following equation

—(—A)°U — X{U<0} min {—(—A)SU+; 1} = xqu>o0y n .

13



Moreover, we bring a constant in fractional operators and the Gagliardo-
Nirenberg seminorm (see Section 4.4.1). Also, let the sequence {s;} € (0,1)
be such that s — 17 as k — oo. In this case, uy := uy, is the solution to
the modified fractional problem

(=A)*rug(x) = fr(z) in Q,

ug(z) =0 in R™\ €,
where f, € 7_23 (see Section 4.4.2). The functional of the minimization
problem is denoted by ®,, = [uy]?,, where []2 is the modified Gagliardo-

Sk Sk
Nirenberg seminorm (see (4.26)). The optimal load of ®;, is denoted by f,

and 0 = uj, -

What is more, let f € Rg and

o(f) = [ [VusPda,
Q
where uy is the solution to
—Auy = f inQ,
u=20 on Of).

Also, the optimal load of ® is denoted by f*, and u* = uy«. Our main result
is as follows,

Theorem C. As k — oo, we obtain the following up to a subsequence,
1. fy 2 Cn)f* in L),
2. @y (fr) = C(n)D(f7),
3. A — u* in L2(Q),

where C(n) is a constant depending only on dimension.

These results are proven in Chapter 3 and Chapter 4, where Theorem
A occurs as Theorem 3.1.1, Theorem B occurs with slightly more details as
Theorem 4.2.1, Theorem 4.3.1, and Theorem 4.3.2 and Theorem C occurs
as Theorem 4.4.1.

In addition, we consider the variational Dirichlet boundary value frac-
tional Laplacian equation with 0 < s < 1

{eAwmm+hmm=f@> in Q,

w(z) =0 in R™\ Q, (1.32)

where | € Rg and f is a positive given function. We study the minimization
of the convex functional

IO = ff? + [ wtda,
Q

where [-]5 is the Gagliardo-Nirenberg seminorm.
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Theorem D. There exists a minimizer | € 735 such that
J() < J(1)
for anyl € ﬁg. Moreover, @ = u; is constant in {0 < [ < 1}, and for any
z1e{l=1}z,e{0<l<1},29 € {l =0},
we have u(xg) < u(xy) < axq).

This result is proven in Chapter 5, where Theorem D occurs as Theorem
5.3.1 and Theorem 5.3.2.
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Chapter 2

Preliminaries

In this Chapter, we will introduce some preliminaries in analysis, fractional
calculus and I'—convergence.

2.1 Definitions and Properties from Analysis

Definition 2.1.1. An extreme point of a convex set A in a real vector space
is a point in A which does not lie in any line segment joining two points of
A, i.e., a € ext(A), if for any t € (0,1) and a1,a2 € A, a =ta; + (t — 1)as
implies a1 = as = a.

Recall that
R =1{f:f=xg|E| =5},
and

ﬁgz{fzogfgl, /fdx:B}CL‘X’(Q),
Q

which is the weak* closed convex hull of_Rg. The following Lemma implies
that the collection of extreme points of Rg is exactly Rg.

Lemma 2.1.1. f € Ry is a extreme point of Ry if and only if f is charac-
teristic function, or ext(Rg) = Rg.

This is a well-known results, but unfortunately we cannot find the orig-
inal reference. For sake of completeness, we present the proof.

Proof. Assume f = xp with L*(E) =  and f = ag1 + (1 — a)g2 where
g1,92 € Rgand a € (0,1). If z ¢ E, g1(x) = go(x) = 0. Hence, g1 = g2 = f,
and f is an extreme point of 7@5.

On the other hand, assume f is an extreme point of 7@5 and f ¢ Rg.
Then there exists § > 0 such that £"(As) > 0with As ={z | d < f < 1—0}.
We may decompose As with the following method,

1
As= A7 UA7 o AT NA; =05 LYAT) = L7(47) = SL7(45).

16



Choose € € (0,6) and define

f(z) x ¢ As
hE(z) = f(x)£exe AF
f(x) Fexec Ay

Direct Observation gives h¥(z) € R and f = 1/2hF + 1/2h_, which is a

e
contradiction. O

According to [16, Lemma 2.4, we formulate the following Lemma.

Lemma 2.1.2. We have
L3(Q) = {g€ L*(Q);9 >0 a.e.}.

If g € L2(Q), then there exists f € ext(Rg) = Rg such that

A@<Am

The following lemma from [41] is applied significantly in rearrangement
problems.

for all h € Rg.

Lemma 2.1.3 (Bathtub Lemma). Let (2, 0,u) be a sigma-finite measure
space and let h be a real-valued, measurable function on Q such that

w({z:h(z) <t}) is finite for allt € R.

Let the number B > 0 be given and define a class of measurable functions
on £ by

Raz{ﬁosf@>31md/fumumzﬁ}.
Q
Then the minimization problem
1= it [ ho)f(@(do)
fGRB (9]
1s solved by
(@) = X{h<sy (@) + X fn=s) (7)),

where
§ = sup {t : ,u({:li : ]’L(ZE) < t}) < B}a

cul{z : hiz) = s}) = B — p({z : hz) < s}).

17



2.2 Fractional Laplacian

In this section, we provide preliminaries of fractional Sobelov Space and
fractional operators (—A)® which are used throughout this work.
Now, we introduce the fractional Sobolev space.

Definition 2.2.1. For 0 < s < 1, we define the fractional Sobolev space as
following:
H5(R™) ={v e L*R): v]? < oo},

where []s is the Gagliardo-Nirenberg semi-norm,

2 _ (v(z) = v(®))® .
He T //R"” PRI

Also, we denote by H *(R) the dual space to H*(R™). In other words, f
belongs to H=*(R™) provided f is a bounded linear functional on H*(R").
Moreover, for a open bounded domain 2 C R",

Hj(Q)={ve H*R") :v(z) =0 in R"\Q},
and H=*(Q2) is the dual space of H3(Q2). Then we have
Hj(Q) c H¥(R") c H*(R") c H ().

Proposition 2.2.1. The Gagliardo-Nirenberg semi-norm is Gateauz-differentiable.
Proof. Let us first check that [v]s is a semi-norm. Clearly, for any A € R,

[Av]s = [Al[v]s.
Next assume u,v € H*(R™). Then, note that,

bl = //R |§)_|Z§%Z YO gy

+ o2

(y)) (v(z) —v(y)
+ //an s dxdy.

Hence, it suffices to prove

/ (u(z) —u(y)) - (v(z) — U(y))dxda? < [u]
RnXn

|z — gt

s [v]s.

Indeed, this follows directly from Cauchy-Schwartz inequality.
Secondly, we claim that H*(R"™) is a Banach space with the norm,
1/2
lulls = (llull3 + [u]2) "

18



The proof is classical and is omitted here (see [30]).
Therefore, the Gateaux derivative of [-]2 at u is,

lime ! ([u+ ev]? — [u]?)

e—0
_ (u(z) — uy) - (v(@) —v(y)) ,
= 2//RM dzdy. (2.1)

|z — y[t2s

O]

The following is the so-called singular integral definition of fractional
Laplace operators (see [30]). The abbreviation "p.v.” stands for ”principle
value”.

Definition 2.2.2. For a function v € H*(R™) and any x € R", the frac-
tional Laplace operators is,

(=AY u(z) = p.o. / Mdy = lim(—A)3u(z), (2.2)

re |z — y|7t2s e—0
where (2) )
u(x) — u(y
—AVu(x :/ ————="dy
( )5 ( ) R\ B, () |33 _y|n+2s

Definition 2.2.3. A function u is s—harmonic in Q if (—A)*u =0 for any
x € Q.

Let S be the collection of Schwartz functions, which is referred in [12,
Section 3.1].

Definition 2.2.4. The Schwartz space on R™ is the function space

S= {f € C®(R™); sup |° (Dﬁf) (x)] < oo},

z€R™

where a and B are arbitrary multi-indices with n entries.

By [30], the following Lemma gives an alternative definition of the frac-
tional Laplace operators for u € § and we reproduce the proof here.

Lemma 2.2.1. Let (—A)® be the fractional Laplace operators defined in
Definition 2.2.2. Then for any u € S, we have

(2.3)

(—A)Su(x) ;/n 2”(33) — u(x + y) — U(CC - y) dy,

= |y’n+25

for any x € R™.
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Proof. We begin by change of variables in (2.2). First we take z = y — x
and then by symmetry, take ¢ = —z. We have

u(x) — u(
p.v. /]R” ‘xznggdy
I /n u(z) —u(z + Z)dz

’z‘n+2$
u(z) —u(z —t)
= p.v./n e dt
Now, we sum them up and relabel z and t. We obtain
2(=A)*u(x)
u(z) —u(z + 2) / u(z) —u(r —t)
= p.v. d V. dt
p-v /I‘Q" ’Z‘n—i-Qs Z+pv n ‘t‘n—&—?s
2u(z) —u(x +y) —ulz —y)
= p.V./n iyl dy. (2.4)

It suffices to show that the integral is well-posed in R™. Indeed, for any
u € C*°, Taylor expansion gives,

u(z +y) +ulx —y) =2u(x) +y" {D%u(z)}y+o(lyl*),

where D?u(z) is the Hessian matrix. Now, by taking the limit |y| — 0, we
obtain

2u(z) —u(x+y) —ul@—y) _ [D*u(@)]x
‘y|n+2s — |y|n+2572 ’

where || D?u(z)||s is the maximum absolute row sum of the Hessian matrix.
Thus (2.4) is integrable near 0. Hence, we can remove the principle value in
(2.4) and the proof is complete. O

In [6, Definition 1.1], we have the following definition of weak solution.

Definition 2.2.5. For a function f € H*(Q2), we say that uy € H(S2) is
a weak solution of the fractional boundary value problem with homogeneous
Dirichlet boundary condition

{(—A)Sufm = f(x) in 9,

up(z) =0 in R™ \ Q. (2:5)

if

//an (ug(z) —us(y)) n(ﬁ;(sx) - ’U(y>)d:pdy = /Qf(x)u(x)d;p, (2.6)

|z =yl
for any v € H§(S2).
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Given f € H™%(), let us be the weak solution of (2.5) and let us define
the functional

s (f) = [ugl3- (27)
Also, note that for any ¢ € Hj(€2),

(D), ) = / (—A)? u(2)p(x)dz

- L) |x—y\n+(28) (ydady

B / / | _ ng)( p(x)) dedy
nSjz—yl>e ¥ y\
- 2/" /|l"y|>e |z — y|nt2s dzxdy.

Lemma 2.2.2. For any f € H™*(2), (2.5) has a unique weak solution uy,
which satisfies

/fod{L‘:[Uf]i_ sup { /fudx— } (2.8)
Q ueHS(£2)

Proof. If uy is a solution of (2.5), the first equation of (2.8) follows from
(2.6). For any u € H§(2), we take

U(u) = [u)? - Q/qud:r.

Since W is strictly convex, there exists a unique minimizer of ¥, say ug €
H§(S2). It suffices to show that ug is a weak solution of (2.5) if and only
if up minimizes ¥. Take u. := ug + cp for ¢ € R,p € HF(Q2). Then,
U(uz) > U(up) implies

// 2¢ (uo(z)p(z) + u(y)e(y) — u(@)p(y) — uly)p()) dxdy
R’VLXTL

|z —y["+2e

— QE/Qfgodx—i-o(a)
= 2 (A g - [ fods) +ofe)

> 0, for any € € R.

From above, we obtain

(D)o, / fods,

as required.
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Conversely, assume ug = u;y is the solution of (2.5). Then for an arbitrary
uy € Hj(Q), a direct computation gives

W(uy) — W(uo)

— 2 2_ d
a2 + [ ]2 2Afmx

_ // (ur(z) —up(z) —ua(y) + Uf(y))dedy
RTLX?’L
0.

|z —y|rt2e
>

The proof is complete. O

We refer to [10, Lemma 2.4] for the Poincaré-type inequality for the
fractional Gagliardo-Nirenberg seminorm.

Lemma 2.2.3. Let s € (0,1), Q € R™ be an open and bounded set. Then
we have,

lul22) < Cln, s, Q2. for every u € H(9),

s

where the geometric quantity C(n,s,Q) is defined by

diam (U B)" %
| Bl

C(n,s, Q) = min{ :BCR"Q isa ball} . (2.9)

With analogue to Rellich-Kondrachov theorem, [46] gives the following
Fractional Compact Embedding Theorem,

Lemma 2.2.4. Letn > 1, € R" be a Lipschitz open bounded set and J
be a bounded subset of L2(S)). Suppose that

2
sup/Q . dedy < 00.

ey |CC _ y‘n+2s
Then, J is pre-compact in L*(Q).

For Q bounded, s € (0,1) and g € L*(f2), consider a more general
Dicichlet problem comparing with (2.5),

(=A)*uy(z) = g(x) inQ,
{ug(:r) =0 in R™\ Q. (2.10)

The global regularity of the weak solution of (2.10) has been discussed
in [50].

Proposition 2.2.2. Let w = (—A)%u. Assume w € L>®(R") and u €
L>®(R™). Then,
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1. If 2s < 1, then u € C%*(R"™) for any o < 2s. Moreover,
[ullgoe@ny < C ([ullzee + llwllLee),
where C' depends only on n,a and s.

2. If 25 > 1, then u € CH*(R™) for any o < 2s — 1. Moreover,
[ullora@ny < C([ullzee + llwllzee),
where C' depends only on n,a and s.

It has been observed in [46] that the above results are valid also for solu-
tion of (—A)*u = f in bounded domains. Up to the boundary C*—regularity
has been proven in [48], which implies that the weak solution of (2.5) is con-
tinuous in R™. We say that () satisfies uniform exterior sphere condition if
there exists r > 0 such that for any x € 9 there exists y € R™ for which
B(y,r)NQ = and x € dB(y,r). By [3], any domain with C*! boundary in
R™ satisfies uniform exterior sphere condition. The following can be found
in [48, Proposition 1.1].

Proposition 2.2.3. Let Q be a bounded Lipschitz domain with uniform
exterior sphere condition, g € L>(2), and u be the weak solution of (2.10).
Then v € C*(R™) and

[ulles < Cligllzee (@,

where C' is a constant depending on s and ).

2.3 TI'—convergence Toolbox

In this section, we introduce the definition of I'—convergence and the so-
called coercive condition. These concepts were introduced by De Giorgi in
the 60s and is now a well-understood tool to deal with the convergence of
minimum problems. Here we cite [9] and [29].

Definition 2.3.1. Let X be a metric space. We say that a sequence fj :
X — R I'—converges in X to foo : X — R if for all x € X we have

1. (lim inf inequality) for every sequence {x;} converging to x
foo(z) < liminf fi{x;};
j—00

2. (lim sup inequality) there exists a sequence {x;} converging to x such
that

foo = limsup fi{z;}

J—00
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The function f is called the I'—limit of {f;}, and we write
foo =I - hm fj-
J]—00
It is well-known that the I'—limit is unique if it exists.

Definition 2.3.2. We say a sequence f; : X — R is equi-mildly coercive if
there exists a non-empty compact set K C X such that infx f; = infg f; for
all j.

Finally, we have the following result.

Theorem 2.3.1. Let (X,d) be a metric space, let {f;} be a sequence of
equi-mildly coercive functions on X, and let foo = 1I" —lim;_,o fj. Then the
minimum point of foo exists and

min = lim inf f;.
X Joo jooo X 1
Moreover, if {z;} is a precompact sequence such that
lim f;(z;) = lim inf f;
j—00 f]( j) j—oo X fj’

then every limit of a subsequence of {z;} is a minimum point of f.
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Chapter 3

The Maximization Problem

In this chapter, we consider the fractional analogue of the optimal rearrange-
ment problem and show that its maximizers solve the fractional unstable
obstacle problem that has been recently considered in [2].

3.1 Problem Setting

The setting of this fractional problem is the following. Let 0 < s < 1 be
fixed and  be a bounded, open domain in R” with C'*! boundary. To avoid
extra notations, in this chapter we will use uy to denote the solution to

(—A)*up(z) = f(z) nQ,
up = 0 in R" \ Q,

where f € Rg. Also, we define the functional
Ds(f) = [uf]z’

where [-] is the Gagliardo-Nirenberg seminorm (see Definition 2.2.1).
The main result is the following.

Theorem 3.1.1. There exists a mazrimizer f € Rg such that

N

O5(f) < 0s(f)
for any f € Rg. Moreover, for any mazimizer fe Rp of Oy there exists
a > 0 such that X R
either f = Xta>a} 07 [ = X{a>a}
where 4 = u ;.
As a result the function 4 solves one of the following fractional unstable
obstacle equations:

either (—A)a = X{a>a}s
or (=A)°0 = X{a>a}- (3.1)



3.2 Proof of Theorem 3.1.1

Our method is based on classical approach, but due to non-local character
of the problem, new techniques need to be developed in proving (3.1). We
will divide the proof into a series of lemmas and we start with the following
existence result.

Lemma 3.2.1. There exists a mazimizer f € Rg.

Proof. Let

We first show that I is finite. Consider f € 72/3. Then, by Lemma 2.2.2, uy
satisfies

| fugda =gl (3.2)
Q

Using Cauchy-Schwartz inequality and Lemma, 2.2.3,

/Q fugdz < | fl2Clugls, (3.3)

and thus we obtain the following with the fact that f € [0,1] in Q

[ fuste < cir <c. 5.0
Q
which proves that I is ﬁr_lite.

Let now {fi}ien C Rp be a maximization sequence and let u; = uy,.
Then,

I = lim fiu;dz.
1—00 (9]
It is clear from (3.2) and (3.4) that {u;} is bounded in H{(€2). Hence by
Lemma 2.2.4, there exists a subsequence (still denoted by {u;}) and some
ug € L*(2) such that {u;} converges strongly to ug and weakly in HS(€2).
Since []? is convex, it follows that it is sequentially weakly lower semi-
continuous and hence ug € H§(2) and,

[uo]? < liminf [u)? = 1. (3.5)

1—00

On the other hand, since { f;} is both bounded in L?(Q) and L>°(£2), there
exists a subsequence (still denoted by {f;}) converging weakly in L?(£2) and
weakly* in L>(€2) to some 1 € L>(Q). Since Rg is weakly* closed, we have
n e 7?/3. Thus, we obtain

/fiuidxé/nuodw. (3.6)
Q Q
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By Lemma 2.2.2, (3.5) and (3.6), we obtain

I = lim fiuidr = lim 2/ u; fi do — [uz]g
1—00 D 1—00 D
< 2/ uon dx — [ug)%. (3.7)
D
According to Lemma 2.1.2, there exists f € Rgp such that
fuodz = sup / hugdz. (3.8)
Q hE'ﬁ,@ Q

Applying again Lemma 2.2.2 together with (3.7) and (3.8), we obtain

I < 2 fugdz — [ug]?
Q
< 2 f@ - [u]s
Q
= fadz <1,
Q
where 4 = (O Thus, f is a minimizer of ®,. ]

From now on, f will denote any minimizer of @, not necessary the one
obtained in Lemma 3.2.1, which we already know belonging to Rg.

Lemma 3.2.2. f mazimizes the linear functional L(f) == [qufdx over
R, where 4 = Us.

Proof. Let us take any f € 7@/3 and let u; be the solution. We use the
maximization property

o, ((1-2)f +ef) (),
where ¢ € [0, 1]. This 1nequahty implies that

oo f[ =80 (0~ ) = (0 = 00)

|z — y[rt2e

+ S[Uf—u] <0.

If we divide by € and take the limit ¢ — 0T, we get

~ i) (u(x) — u(y)) y
//]Rnxn |z — y|nt2s drdy < [4];.

Now if we use Lemma 2.2.2, the last inequality becomes

/Q fadz < /Q fadz,

as we wanted to show. O
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Next, observe that from Lemma 2.1.2 ‘Ehere exists a f = xg € Rsg =
ext(Rg) such that f maximizes L(f) over Rg.

Lemma 3.2.3. Let o := sup,cpnm\p @(z) and v := infyep @(z) (where sup
and inf denote the essential supremum and the essential infimum respec-
tively). Then, o < .

Proof. Assume by contradiction that v < «a. Let us fix v < £ < & < a.
Since & > -, there exists a set A C F, with positive measure, such that
@ < & on A. Similarly, &, < « implies that there exists a B C R\ E, with
positive measure, such that @ > & on B. Without loss of generality, we
assume that A and B have the same Lebesgue measure. Next, we define a
new rearrangement of f , which is denoted by f,

F=

T € B;
f(z), z€Q\(AUB).

Aﬁm-émm
= /B fadr — /A fadz
> & [ fao—g [ fas
- (@-&) [ fa>o,

0, T € A;
L,

Therefore,

which contradicts the maximality of f . O

Since @ is continuous in R™ (see Section 2.2), we have a@ = v in Lemma
3.2.3.

Lemma 3.2.4. X{ﬁ>a} < f < X{ﬁZa}'
Proof. 1t suffices to prove that
jo 1 ae. in {a>a},
~ 10 ae in {a<a}.

We argue by contradiction. Assume there exists a A C {G > «}, with
positive measure, such that f < 1in A. Since [{& > a}| < 8, f > 0 in
some subset of {@ < a}. Thus, we can replace the function f by a function
f € R which has larger values in A and smaller values in {4 < a}. As a

result,
/MM>/ﬁm
Q Q
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Figure 3.1: The function o

which contradicts the maximality of f . Therefore, f =1ae. in {t > a}.

Similarly, assume there exists a A C {4 < «}, with positive measure,
such that f > 0in A. Since E C {& > a}, f < 1 in some subset of {& > a}.
Thus, we can replace the function f by a function f € Rz which vanishes
in A and has larger values in {4 > a}. As a result,

/ fadz > / fadz,
Q Q

which contradicts the maximality of f. Therefore, f = 0 ae. in {4 < o}. [

Now, we are in the position to study the shape optimization problems.
A natural question arises: can we show that the maximizer f is actually a
characteristic function. It is equivalent to ask whether

‘{fe((),l)}‘ —0.

Thanks to Lemma 3.2.4, it suffices to prove f =1 in {u = a}. In fractional
settings, the difficulty arises from the non-locality. So the following lemma
seems to be rather original.

Lemma 3.2.5. Either f = X{a>a} OT f = X{a>a}-

Proof. If [{u = a}| = 0 then Claim 4 implies f = X{y>q} a.e.. If [{u =
a}| >0 and {u < a}| =[Q| — B, then Claim 4 implies f = X{y>q} a.e.. If
H{u = a}| > 0 and [{u < a}| < || — 3, then it is easy to show that there
exists a subset E C Q such that {4 > a} G F G H{a > a}, |E| = 8 and
X # [ Let v € H§(Q) be the weak solution to the following fractional
boundary value problem,

(“A)Yv=xp5 inQ,
v=20 in R™\ €.
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By the uniqueness of solution, we have v # 4. Set 4 := %a + %v. Then,
a # 4, and (—A)*a = %f + X € Rs. Now, it suffices to show that

[a)2 > [alz,

S

or equivalently

Ltz + L + //R (i) ~ () () =20y e (30

2 |ZL‘ _ y|n+2s

which would contradict the maximality of 4. But, by elementary computa-
tions, (3.9) is equivalent to,

Lot ff GRG0 600 4o, 10

|z — g2

Next, from Lemma 2.2.2 and Lemma 3.2.4 , we get

// (a(z) —a(y)) (@ = v)(z) - (@ = v)(y))
R2n

|z — gt
= /Qﬁ(f—xE> dx
= a/{a:a} (f—XE>dac
= O‘/Q(f_XE) dx

= (s ) =0.

This completes the proof.

dxdy

O]

Proof of Theorem 8.1.1. The main results follow directly from Lemmas 3.2.1
- 3.2.5. O

Proposition 3.2.1. For the case f = X{a>a}s it 15 in general not true that
the function G(x) minimizes the (non-convex) functional

J(u) = [u]2 — 2 / X(usaytide, (3.11)
Q
over Hi(€2).

Similarly, for the case f = X{a>a}, i s in general not true that the
function 4(x) minimizes the (non-convex) functional

J(u) = [u]? — 2/Qx{u2a}udx, (3.12)

over HS(2).
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Proof. We only present the proof of the first case here while the proof of the
second case is similar.

Let us introduce the subset of functions which do not have flat positive
components as follows

HS(Q) ={uec HyQ):|{t =1t} =0 for all t > 0} .

Since H(Q) is dense in H§(Q) we can replace H§(Q) by HE(Q) while we
are taking supremum or infimum. Using the fact that for any function
u € HE(R) we can always find a real number a,, such that [{u > a,}| = 8,
we obtain

®,(f) = sup sup (2/qudx—[U]§>

fe7_25 u€HE(Q)

= sup  sup <2/ fudx — [u]?)
ueHE(Q) fERs Q

= sSup <2/ X{u>au}Ud:E - [uE)
uGﬁS(Q) Q

= — inf <[u]§—2/x{u>au}ud$),
ue HE () Q

which implies that
2 2 [ Fodo = (2 -2 [ xusayido
Q Q

= inf ([u]? — 2/ X{u>au}Ud$> .
weHE () Q

However,

~12 ~ . 2
[u]s - /QX{ﬁ>a}de # ueglgf(Q) <[U}S - 2/§2X{u>a}’ud$> .

This can be observed on a classical two-ball example used in various
PDEs (in this context see [19], [27]). Consider © which consists of two
disconnected balls. We can always connect them by a very narrow tube,
which would preserve the discussion below unchanged. For small values of
[ the maximizer of the optimal rearrangement problem will concentrate the
set {& > a} in one of the two balls and keep the function zero in the other
ball. On contrast the minimizer of the right hand side can reach a smaller

value by “copying” the non-zero function to the ball where 4 is zero.
O
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Chapter 4

The Minimization Problem

In this Chapter, we consider the fractional version of the optimal rearrange-
ment minimization problem and show its connection with the stable frac-
tional free boundary problem. Also, we analyse the behaviour of solutions
as the fractional parameter s goes to 1.

4.1 Set Up of the Fractional Case

The setting of this fractional problem is the following. Let 0 < s < 1 be
fixed and € be a bounded, open domain in R” with C! boundary. To avoid
extra notations, in this chapter we will use uy to denote the solution to

(—A)*up(z) = f(z) nQ,
up =0 in R™\ €,
where f € Rg. Also, we define the functional

q)s(f) = [uf]za

where [-] is the Gagliardo-Nirenberg semi-norm (see Definition 2.2.1).
We have the following existence lemma.

Lemma 4.1.1. @, is strictly conver and sequentially lower semi-continuous
with respect to weak™ topology. Also, there exist a unique minimizer f € Rg
of the functional .

Proof. Direct observation gives that up s, = up + uyp, with fi, fo € Rg.
By the convexity of Gagliardo-Nirenberg semi-norm and strict convexity of
quadratic function, we obtain the strict convexity of ®,. By Lemma 2.2.3,
(2.6) and Cauchy-Schwartz inequality, we obtain that

fug]? = /Q Fugdz < | fllallugllz < ClIF 11 ugl,
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Hence, we have [uy], < C| f|l2, which implies that the function f + wuy
is strongly continuous from L?(2) into H§(2). Thus, the functional ®; is
strongly continuous from L?(Q) into R. Therefore, [11] implies that ®; is
weakly lower semi-continuous. According to [28], f,, — f in L?(Q) if f, A f
in L>°(€2). We have consequently proven the weak™ lower semi-continuity of
D,.

Note that &, is non-negative. Then, there exists a sequence f, € 7_35
such that

Dy(fn) — inf @4(f),
fERS

as n — 00. By Banach-Alaoglu’s theorem, there exists a subsequence (still
denoted by f,,) and f € Rg so that f, X . Consequently, we obtain

A~

O, (f) <liminf ®4(fy),

which implies that f is the minimizer.

To finish the proof, we will show the uniqueness by contradiction. As-
sume that f1, f2 € Rg are two minimizers and f; # fo. Let g = Af1 + (1 —
A) f2. By the convexity of Rg, g € Rg with any A € (0,1). But the strict
convexity of @4 implies

Ds(g) < ADs(f1) + (1 = A)Ps(f2), (4.1)

which contradicts the minimization of f; and fo. O

4.2 Main results

Thanks to Lemma 4.1.1, we are ready to present the following main results.

Theorem 4.2.1. Let ®4 be in (2.7). There exists a unique minimizer fe
Rp \ Rg such that

~

D,(f) < ()

for any f € ﬁﬁ. Let 4 = Uj be in Definition 2.2.5. For some o > 0, the
function @ satisfies the following conditions

There exists a subset S C {0 = a} such that f <1 a.e. in S;
{a<alc{f=1ae}; (4.2)
f>0a.e. and 0 <4 < « in €.

Remark 4.2.1. Observe that this result shows a remarkable difference with
the local optimal rearrangement problem, since the optimal configuration f
for the fractional case is not a characteristic function (see Theorem 1.5.2).

In order to prove the above theorem, we need several lemmas.
The following will be applied in the first lemma.
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Definition 4.2.1. Let ¥ : L(Q) — RU {400, —00} be a convex functional.
If u € L?(Q) and V(u) finite, the sub-differential O (u) of ¥ at u is defined

by
0¥ (u) = {w e L*U(v) — ¥(u) > (v —u,w),v € L*}.

If OU(u) # O then ¥ is said to be sub-differentiable at u, and the elements
of OV (u) are called sub-gradients of ¥ at u.

The following theorem (see [40]) implies that the sum of sub-gradients
of two functionals are identical to the sub-gradient of the sum in some con-
ditions.

Theorem 4.2.2 (Moreau-Rockafellar Theorem). Let f,g : R™ — RU{+o00}
be proper convex functions. Then for every xg € R,

Of (zo) + dg(z0) C O(f + g)(x0)-

Moreover, suppose that the interior of domain(f) N domain(g) is nonempty.
Then for every xo € R",

Of (zo) + dg(z0) = O(f + g)(x0).

We define L(f) := [ afdx. Then our first lemma implies that f in
Theorem 4.2.1 is a minimizer of L(f).

/Qﬂfdxg/gafdx,

Proof. We define ® : L2(Q) — R as following,

U(f) = Bulf) + &r, (F),

0, if f € Rg;
{Ry = : .
+o0, if f ¢ Rp.

Lemma 4.2.1.

for any f € Rg.

where

By Lemma 4.1.1, W is strictly convex with respect to all f € L?(Q) and direct
observation implies that f minimizes ¥ in L?(2). By Definition 4.2.1, the

A~

sub-differential of the functional ¥ at f is
ou(f) = {g € L) : w(f) = 9(f) = (g.f = [) forall [ € LX)}

Then the function g = 0 a.e. in £ is one of the sub-gradients. By (2.1) and
(2.6), @5 is also sub-differentiable at f and the sub-gradient is,

0%, (f) = {21} .
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Again by Lemma 4.1.1, ®; is weak® lower semi-continuous. Thus, we may
apply Theorem 4.2.2 to obtain

which implies that R
—24 € aﬁﬁﬂ(f).

But
g, (f)
= {oe @) 6r, (1)~ &r,(F) = (9. - ) for all 1 € L2()}
- {gELQ(Q):Oz <g,f—f>,forallf€7_€g},
which concludes the proof. O

The following lemma claims that there exists another minimizer of L(f)
in Rg.

Lemma 4.2.2. There exists a function f € Rg such that
/ﬂfdxg/afd:z,
Q Q
for all f € Rg.

Proof. This follows from Lemma 4.2.1, Theorem 1.1.1, Lemma 2.1.1, and the
fact that the minimum of the linear functional L(f) on a bounded closed
convex set Rg is attained in an extreme point f = xg € Rg. O

In the following lemma, we apply Lemma 2.1.3.

Lemma 4.2.3. There exists o > 0 such that any f = xg with E satisfying
the condition
{t <a} C EcC{ua<al, (4.3)

is a minimizer of L(f) over Rg.

Proof. We apply Lemma 2.1.3 and take h(z) = a(x) and G = 5. Observe
that C is identical with ﬁg. Hence, we take

a=sup{t:|{a <t} <p},

and the function

g(:E) = X{a<a} + CX{a=a} with ¢ € [07 1}7 (44)
where 5 - l{i < a}
— u < o
_ P , 45
Ta=a)) (4.5)
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is a minimizer of fQ afdx for any f € Rz. We claim that any f = xg with
E satisfying (4.3) is also a minimizer. Indeed,

/ﬁfda?—/ﬁgdx
Q Q

= / udx + / adx — / udx — / cadz
{t<a} E\{t<a} {t<a} {t=a}
= 0 by (4.5).

O]

In the proof of Lemma 4.2.3, we see that {4 < a}| < 8. Thus, we utilize
some basic techniques in rearrangement and obtain the following.

Lemma 4.2.4. R
f=1ae. in{t<a}l.

Proof. Assume that there is A C {@ < o} with positive measure such that
f<1in A. Then f > 0 in some subset of {t > a}. we may replace fbya
function f € Rz which has larger values in A and smaller values in {4 > a}.

Consequently,
/ fadz < / fidz,
Q Q
which contradicts the minimality of f. O
Lemma 4.2.5.

{a>a} c{f=0aec}.

Proof. Recall that f fe 7@5. we obtain

B = /Q fdz
_ /{Ma} fdx+/m:a} fdw+/{a>a} deC:/Qfdx

= / fdx + / fdx + / fda.
{u<a} {t=a} {a>a}

By Lemma 4.2.3 and 4.2.4, we obtain

/ fdz :/ fdx+/ fdz. (4.6)
{t=a} {t=a} {a>a}

By Lemma 4.2.1 and 4.2.2, we obtain

/Qﬁfd:c:/ﬂafdx. (4.7)
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Then, Lemma 4.2.3 | 4.2.4 and (4.7) imply

/{ o) ifdr = /{ . ifdz. (48)

Therefore, (4.6) and (4.8) together imply

a/ fdz = a/ fdx—i—a/ fdx
{t=a} {t=a} {a>a}
< / afd;c+/ ﬁfda::/ afdx
{t=a} {t>a} {t=a}
= / ﬂfd:c = a/ fdx,
{ti=a} {t=a}

which implies
« / fd:z: = / U fdx,
{t>a} {t>a}
as required. O
Here we are ready to prove that the upper barrier of u is a.

Lemma 4.2.6.
{t > a} =0.

Proof. For any 8 > «, we take
p(z) = (a(x) = B)".

It is easy to verify that ¢(x) € H{(2). Now, take w := suppp(z) and
observe that w C {@ > «a}. In this case, Lemma 4.2.5 implies that

0 = ((=A)%¢)
_ / (@(z) — ())(@(w)—w(y))dxdy

1, o y’n—i—Qs

+21) dy) dx

( a<y>> (i) - B) dy) .

RMw —y|"t

L
e
|

. (/Rn\w (U(JC)‘XU__U;T)ZL(;E 0) dy) dx, (4‘9)
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where the last equality is obtained by the setting of ¢. On the right hand
side of (4.9), the first three integrals are non-negative and the forth integral
vanishes. Since ¢ is continuous in R", the equality holds if and only if

w| = [{a > B} =0,
which completes the proof. O
The following lemma implies that [{0 < f < 1}| > 0, thus we proved
that f ¢ Rﬁ.
Lemma 4.2.7. X
(F =0} =0.

Proof. Note that f € ﬁg implies f > 0. By Lemma 4.2.4 and Lemma
4.2.6, it suffices to check that f > 0 pointwise in the subset {& = a}. By
the singular integral definition of (—A)° & and Lemma 4.2.6, we obtain the
following for any point in {& = a},

f) = CAraE@
= p.v./Rn Wdy

i(z) —a(y)

= lim p—

=0 Jrm\B.(x) |7 — Y|

/ o
R\ |z — y|" 2

as required. O

dy > 0,

Now, we are at the point to prove the main result.

Proof of Theorem 4.2.1. Lemma 4.2.4 and Lemma 4.2.6 imply that there
exists a subset S C {@& = o} with |S| > 0 such that f < 1 a.e. in S, which
is the first condition in (5.3.1); Lemma 4.2.4 implies the second condition;
The third condition is obtained directly by Lemma 4.2.6 and 4.2.7. Finally,
4.2.7 implies that the minimizer f € R\ Rp. O

4.3 The Normalized Fractional Obstacle Problem

We divide this section into two subsections. The first subsection is de-
voted to the study of the connection between the solutions to the optimal
fractional rearrangement problem considered in Section 4.2 and solutions
of the normalized fractional obstacle problem. We find the corresponding
fractional analogue of (1.23) and prove that the solution of the fractional
rearrangement problem is a solution to the fractional normalized obstacle
problem.
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4.3.1 The Fractional Obstacle Functional
Our first result is the following.

Theorem 4.3.1. Let f € 7_15 be the solution to the optimal rearrangement
problem and @ := u; € HG(Q) be given by (2.5). Let o > 0 be the constant
given in Theorem 4.2.1. We define

U:=«a—n1.

Then U is the minimizer of the following functional

ﬂ@:lwﬁ+4m@ﬂm (4.10)

among the family of functions

Hy(Q):={v:a—veH;Q)}.
Moreowver, U verifies
X(us0y < — (=AU < x>0y inQ (4.11)

in sense of distribution, i.e.,

| xwsn@s@is < (-8 0.0) < [ xwsn@st

for all ¢ € H3(Q). Also, the minimizer of J is unique and it is the unique
solution to the inequality (4.11).

Proof. We define

I(v) := [v]g—k/gfvdx,

where v € H, (). Since f € Rg\ Rgs, we have I(v) < J(v) for any v €
H,(Q). Therefore, we apply Theorem 4.2.1 and obtain

/ U+ de — / Ude — / frde,
Q Q Q

which implies that I(T) = J(U). Now, we claim that U is the minimizer of
I. The existence of minimizer of I in H,(Q2) follows from the convexity of
I. We say that v € H, () is a minimizer of I if

N =

I(v) < I(v+ep),for any € € R, ¢ € H5(). (4.12)
By expanding (4.12), we obtain the following sufficient condition for a min-
imizer

(v(z) —v(y)) - (p(x) — (y)) | tods
//an |z — g2 drdy = /Qfsod ; (4.13)
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for any ¢ € H3(€2). By Definition 2.2.5, U trivially satisfies (4.13), which
proves the claim. In this case, we have

J() > I(v) > I(U) = J(U), forany v € Hy(Q),

which proved that U is also the minimizer of J. Now, we take the variation
Ue(z) = U(z) + ep(x) with p € C§°(Q),e € R. Thus J(U:) > J(U) implies

; )2 + & ((~ A)80790>+/Q(U+64p)+dx—/ﬂff+>(). (4.14)

Therefore, (4.14) implies (4.11) as required. Also, the uniqueness of min-
imizer of functional J is a immediate consequence of the strict convexity
of J. Finally, assume that U € H,(Q) satisfies (4.11) and U # U. Then,
J(U) < J(U). We define U, := U + ¢(U — U) with € € R, and observe that
U € Hy(2). Since functional J is strictly convex, we have

AT/

e—0t 15

<0. (4.15)

Now, we take U := U —U € Hg(f2) and use the decomposition ¥ = ¥+ — ¥~
n (4.15). Therefore

0> Jig HE A
— 1( (U + eV)? /(U+5\I') dw;[U]i/QU*dx)
U(z) — W
- //R"X" ]a:(y—)) (’n—i—(Qs) (y))dxdy

+ /QX{U>0}‘I’ + X{u=0y ¥ dz
_ // (U(z) =U(y)) (¥ (2) - \IIJ’_(y))dl‘dy
Rnxn |z — y|nt2s

+ L X{UZO}\IJ+dx
[[ G-V - @),
RnXn

|z —y|rt2s
- /X{U>0}‘I’_dJC
Q

> 0, by assumption.

Consequently, we reach a contradiction and thus we have proven that U is
the unique solution to (4.11). O

Remark 4.3.1. This result again shows an interesting difference between
the classical obstacle problem and the fractional normalized version. Observe
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that in the positivity set, we still have —(—A)*U = 1, but in the zero set of
U, the function U is not s-harmonic (even if it is identically zero!). The
free boundary condition on a{U > 0} is given by the fact that (fA)SU is a
function bounded by 0 and 1 across the free boundary.

4.3.2 The Nonlocal Normalized Obstacle Equation

The results in Theorem 4.3.1 are not completely satisfactory, since we do
not obtain an equation satisfied by U but only the inequalities (4.11). In
this subsection, our last result shows that in fact U is the solution to a fully
nonlinear equation.

Theorem 4.3.2. Let U be the solution OJf the normalized fractional obstacle
problem given by Theorem 4.3.1. Then, U is a solution to
{—(—A)SU — Xqu<oy min {—(=A)*U*; 1} = x>0y, in Q,

. (4.16)
U=aq, in €°.

Moreover, the equation in (4.16) is equivalent to (4.11). Finally, U verifies
(4.16) if and only if it is a minimizer of J in H,, where J and H, are given
i Theorem 4.3.1.

Before we start the proof, let us observe that for any u € H*(R"), we
have
[Ui]s < [uls

and thus (—A)*u®™ € H=%(R"). On the other hand, (—A)*u* is a distribu-
tion and the expression

min {—(-A)*U";1} = —max {(-A)°U"; -1} =1— ((-A)°U*t + 1)+

makes in general no sense, unless (—A)*U™ is a signed measure in Q (See
Theorem 6.22 in [41]). Indeed, the following statement implies that x <oy -
(—(=A)*U™) is a positive distribution.

Lemma 4.3.1. IfU € H,, then xqu<oy - (—A)*UT <0.

Proof. For any ¢ € H§() such that ¢(x) > 0 for all z, we have

((=A)°U™, xqu<o} - ©)

// (U (2) = U () (\=ope(@) — X{USO}SO(?J))dxdy
Rrxn

|I’ _ ‘n+25

—¢(y)
= ————— " dxdy +
/U<0} /U>0} |z — y|"+23 Y

—Ut(y
/ / . nf2(s )dmdy <0,
{U>0} J{U<0} |z —yl

as required. ]
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Therefore, we need to search for solutions of (4.16) only among functions
U such that (—A)%U < 0in Q. This leads us to the introduction of fractional
subharmonic functions in €, which form a convex subset of H*(R"), i.e.,

Q) ={U—-aec H(R"): (-A)°U <0in Q}.

sub
The following lemma is essential for equation (4.16) to make sense.
Lemma 4.3.2. IfU € H? (), then UT € H? ,(Q).

Proof. Assume U is smooth, and then its fractional Laplacian has pointwise
values. Direct calculation gives the following.

1. For x € {U < 0},
~U*(y)
n o=yt

(=AU (z) = p.v./]R dy <0.

2. For z € {U > 0},

U(z) —U*(y)
|z —y["+e

(—A)SU+(m):p.v./n
_ oy [ Ul@)-Uly)
= p. ./R dy

n o=yl
U~ (y)

For a general U € H*(R"™), observe that U is locally integrable and thus
we define its mollification U, := 7. * U, where 7. is a family of smooth
approximation functions of the identity such that n.(x) = n. (|z]). Thus, it
suffices to show that

dy

(=A)°Us, ) = (=A)°U, ¢e) (4.17)

for every ¢ € C§°(R™). Indeed, we assume that (4.17) holds. If (—A)*U <0,
then (—A)*U. < 0 for every € > 0. From above, we have (—A)*(U;)T <
0. Since (U.)T — U' in L*(R") as ¢ — oo and therefore (—A)UT —
(—A)*(U.)" in the sense of distribution. In order to prove (4.17), we may
introduce

Ulw) ~Ul)

DSU xZ, = n
PR

9
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which is the Holder quotient of order s of U. Then, we observe that

<(_A)SU€7 90>
— / D*U. (2, y) D" p(w, y)dady
Rnxn

= // / D*U(x — z,y — 2)ne(2) D*p(z, y)dzdrdy
Rrxn J B(0,¢)

= ([ ] DUl 2+ 2)dedody
RnXxn B(O,E)

= // / D*U(z, y)ne(2)D*p(x — 2,y — z)dzdzdy
RnXxn B(O,E)

= / D*U(z,y)D*¢pe (2, y)dxdy
Rnxn

= (AU, ¢) -

The proof is complete. ]

Corollary 4.3.1. IfU € H; (), then
min {—(—A)*U"; 1} € L™(Q).

In this case, for a > 0, we can formulate the following normalized frac-
tional obstacle problem,

—(—=A)°U — xqu<oy min {—(=A)°U*; 1} = xqu0, (4.18)

among continuous functions U € H? ,(2) such that U = o in R™ \ Q. Also,
the weak formulation of the equation (4.18) is

[ V0D el el
RTLX?L

|z —y["+

= [ xwso@etada
4 min{<—(—A)sU+aX{U§0}'<P>;/§)X{U>o}(ﬂf)<ﬁ(w)dw}7

for any ¢ € H3(Q).
With the preparations above, we are in the position to finish this section
by proving Theorem 4.3.2.

Proof of Theorem 4.3.2. We only need to show that (4.18) and (4.11) are
equivalent when (4.18) makes sense. We may break down the proof into
several claims.

Claim 4.3.1. If U is the solution to (4.18), then U > 0.
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Proof. First observe that

U(x)=Uy)- (U () - U (y))
= U@ -UtW) (U (@) -U () - (U (@) - U )"
The identity above directly implies that
(AU, U7) = ((-A)UrU7) - [U]%. (4.19)

Since U™ € H{(Q2), we may take it as a test function in the weak formulation
of (4.18).

((=A)’U,U™)

— (min{—(=A)*U*; 1}, xqu<oy - U~ ) — 0 (4.20)
— (min{—(=A)°*U";1},U")
(max{—(—A)*U*";1},U")

((=A)y’U*r,U™). (4.21)

AV

Therefore, by (4.19) and (4.20), we arrive at [U~]2 < 0. This implies that
{U™ >0} =0, as required. O

Claim 4.3.2. (4.18) implies (4.11).
Proof. Tt is immediately from Lemma 4.3.2 and Claim 4.3.1. O
Claim 4.3.3. (4.11) implies U > 0.

Proof. Let U be a solution to (4.11). For any 8 < 0, we take

Thus, w :=supp¢ C {U < 0}. Then,

0 = ) (4.22)
_ // U) (6(2) = o0) 4,
- R(/ () - U(y»Z %ﬁ - U() dy) "

dx

n /w ( /R N U(x) —|xU( IR )
+ /Rn\w (/w (U(x) —’xU( n+25 dy)
i /R"\w </Rn\w (U($)|x n+23 dy) dz, (4.23)
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where the last equation is obtained by the definition of ¢. On the right
hand side of (4.22), the first three integrals are non-negative. Since U is
continuous in R™, the equality holds if and only if

jw| = {u < B} =0,
which completes the proof. O
Claim 4.3.4. (4.11) implies (4.18).
Proof. This can be verified directly.

The proof of the theorem is complete.

4.4 The Behaviour of The Optimal Rearrangement
Problem as s — 1

4.4.1 The constant C(n,s)

We introduce the normalizing constant which only depends on n and s as

Cln,s) = ( / n W@) - (4.24)

where (; is the first coordinate of (. Now, we modify the definition of
Gagliardo-Nirenberg seminorm and fractional Laplacian in Definition 2.2.1
and 2.2.2,

following

[v)? = C(n, s) //an dedy, (4.25)

and

(=AY u(z) = pv. C(n, 5) /R ulw) = uy) \. (4.26)

n o=yt o

The following comes from [30], Corollary 4.2.
Corollary 4.4.1. For any n > 1, the following statements hold.

1.
lim C(n,s) _ 4n ;
s—1— 5(1 — 8) Wn—1

. C(n,s) 2
lim =
s—0t s(1—58)  wp_1

9

where w,_1 is the n — 1 dimensional measure of S*~1.

Moreover, we have the following result.
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Proposition 4.4.1. Let u € L*(Q) and u = 0 € R*\ Q be fized. When
s — 17 as k — oo, we have

limkﬁoo[u]gk = C’(n)”VuH% if u € WH2(R™),
lim infy o0 [u]?, = oo if u ¢ WH2(R®),
where
1
C(n) =2n / w-é*do, for any unit vector é in R™. (4.27)
wn_l UJGS” 1

Also, if u € W1’2(R"), (—A)*u — —Awu in the sense of distributions, i.e.,

Cln s // u(y)) (p(z) —@(y))dwdy (Vv da
Rnxn |CC— |n+23 R ’ (4’28)

for any ¢ € W&’Q(R”).

Proof. According to 30, Proposition 2.1], u € W2(R™) if lim infj_,o [u]?, <

0o. Let R > 0 be so that @ € B(R) and R = R+ 1. Observe that for all
we WH2(R™) and h € R,

/n lu(z + ) — u(z)|? de < |h|/Rn \Vu|® de. (4.29)

Also, we obtain

|2
: =0C(n,sg / / ——dxdy
[ k " n\B R) |l‘ _ |n+25k
C(n, sg /Rn\B /n ]m — ’n+25k ———~——dxdy

u(y)[?
C(n,s ———————dxdy + 0 4.30
g / /B(R) \ib‘—y\"”s (4:30)

We apply (4.29) and Corollary 4.4.1 to the third term of (4.30) and obtain

C(n, sg / / +2)|2d dy
B(R) \CC— y[t2se

- u(z — u(x)|?dz
C(nv Sk) /B(QR) |h|n+25k </B(R)| ( +h) ( )| d >dh

2R
2 1 n—1
C(n, sk) [|[Vul; -wn_l/o e dr (4.31)

= 2nsy || V|3 (2R)> 7%k = 2n - | Vul3 as k — .

IN

IN
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The first term and second term of (4.30) coincide, and reasoning as before

we get
|2
(n,s ——dxd
g /n/Rn\B |1»‘—y|"+2s’“ Y

< 2lull3-n(l —s;) =0 as k — oco. (4.32)
Therefore, (4.30), (4.31) and (4.32) together imply that [u]2, < 2n|Vull3 as
k — oo. For any u,v € Wol’2(Q), let

uly )2

Uk(x,y) = (C(n, Sk))1/2 ’ ‘U( ) y’ Intsy

|z —

Thus, as k — o
1Ukll2 = IVl 2] < 11Uk = Villzz < 20|V (u = 0)]3.

For some dense subset of W12(Q), e.g., u € C*(Q) and u = 0 € R™\ ,
observe that

u(z) —uly)] _ [Vul) - (@ —y)| |
|z -y [z =yl
For any fixed x € R™, let R > 0 be so that Q C B(x, R). Then,
|u(z) —u(y)|®
C(n, Sk)/R _y|n+25k’dy

n |z

Oz — yl). (4.33)

u\xr) —u 2
— C(n,sp) /B » Ju(z) = ul)P (4.34)

|z — gyt

Ju(z)[?
+ C(n,s / B
(7, ) Re\B(z,R) |T — Y[ T2k Y

By Corollary 4.4.1, the second term of (4.34) vanishes as k — oo. Then,
applying (4.33) we have

Left hand side of (4.34)

1 Ju(z) — u(y)”
= C(n,s / . d 4.35
(m, 5t) B(z,R) |2 — y|"T2se—2 |z —y|? Y (4.35)
R z—y [
= (C(n,s // Vu(z)  —= 4.36
(28 o TR iy ) |z -yl (430)
+0(|lz — y|*)dodr
R 1 2
= C(TL, Sk)/o 7“"744‘2%_2/ - VU( ) ’ ‘ ( 2)d0d7“
n—1C(n, 8k) o(1— wn-1C(n, k) _
- K 2 Wn—1CN, Sk) pa(1-s;) | Wn—1CN, 8k) o pa—sy,
Vua) 2 A g2 -a) oy S E L ot
— 2K |Vu(z)]*, ask— oo, (4.37)
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where
1

Wn—1

K =

~12 . A
|w - é|”do, for any unit vector é.
wesn—1

Since u(z) is Lipschitz continuous in €, it is easy to verify that

[ W pray

is bounded for any x € R™ and k € N. By dominated convergence, (4.34)
implies

lim ||Ug(z,y)[3 = 2nK|[Vull3,

k—o00

as required. To prove the second part of the theorem, we note that C°°(£2)
is dense in W2(€2). Then, it suffices to show that limy,_,., (—A)%* v = —Awv
for any v € C2°(R™), which is proven in [30, Proposition 4.4]. O

Moreover, we have the following stronger statement.

Proposition 4.4.2. Assume sp — 1~ as k — oo and {uy} € L*(Q), u, = 0
in R™\ Q. Also, assume that

sup ||ug| 2 < oo and  suplugls, < oo.
k k

Then, there exists a function u € W(}’Q(Q) such that (up to a subsequence)

up —u in LE (R™) and C(n)|Vul3 §likminf[uk]2
— 00

loc Sk
where C'(n) is in (4.27).

Proof. Lemma 2.2.4 and Proposition 4.4.1 together give the required results.
O

4.4.2 The Limit s — 1~

Now, we go back to the Fractional Optimal Rearrangement Problem. Let
the sequence {s;} € (0,1) be such that s, — 1~ as k — co. Let []2 be in
(4.25) and (—A)®F be in (4.26).

Let uy, = uy, be the solution to the following modified fractional boundary
value problem

{(—A)Skum) = fr(z) in
ug(z) =0 in R™\ Q.

where

fr € 7_35 = {f : felo, 1],/Qfd:1; = C(n)ﬁ}, C(n) is in(4.27).
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Let @, = [uk]gk Let fi € 725 be the unique solution to the minimization
problem

Oy (fr) = figg D, (f1)-
kERp

Let 4 = u X Furthermore, we have

O(f) :/ ]Vujc|2dx,
Q
where in this section, uy is the solution to

—Auy = f inQ,
u=20 on 0.

Also, we denote by f* € Ry the solution to the minimization problem.

O(f7) = inf O(f).

feT\’,B

Finally, we denote u* = us«. Now, we are ready to introduce the following
main result of this section.

Theorem 4.4.1. Under the above notations, we have the following up to a
subsequence when k — oo,

1. fu > C(n)f* in Lo(Q),
2. @ (fr) = C(f*),
3. Ay — u* in L2(Q),
where C'(n) is in (4.27).
We need the following auxiliary theorem to prove the main result.

Theorem 4.4.2. Let s, — 17 as k — oo, and let fi, f € L*(Q) be such
that fr — f weakly in L*(Q). Also, let ux, € Hy*(Q) and u € W01’2(Q) be

the solution to
(—A)Skuk = fk n €,
up =0 in R™\ Q,

and
—Au=f inQ,
u=0 on 0N,

respectively. Then, uy — u strongly in L*(2). Moreover, as k — oo
[ur]3, = C(n)[[Vul3.
where C'(n) is in (4.27).
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Proof. Let Fy, F : L*>(R") — R be given respectively by

w2 — [, fevdz if v € HGF(Q);
R |

and
F(v) = {C(") (SIVOl3— Jy Foda) i v € WP

400 o0.w.

We claim that F' = T' — limj_;o, Ft. Indeed, assume that {v,} C L?(R") is
any sequence such that vy — v strongly in L?(R™). Then,

lim C(n)/fkvkd:z::/fvda:.
k—o0 Q Q

For any v € Wol’z(ﬂ), Proposition 4.4.2 implies F'(v) < lim infy_,o[vg]2, and
Proposition 4.4.1 implies F(v) > limsupy_,[v]2,. For v ¢ W01’2(Q), it is
easy to verify that lim infkﬁoo[vk]gk = oo. Thus, the claim is proven. Now,
observe that

Fi(ug) = UeLi]g(fRn) Fi(v) and F(u)= veLigl(fRn) F(v). (4.38)

By Lemma 2.2.3, we have for any k € N
[ur]s, < | fell2 - C(n, s, Q),

where C'(n, si, ) is in (2.9) and is bounded as k — oco. Hence, {uy} is pre-
compact in L?(§). Together with (4.38), we conclude that Theorem 2.3.1
implies u, — u in L?(£2). Finally, up to a subsequence

lim [uk]gk = lim / frupdr = C(n)/ fudz = C(n)||Vul3,

k—00 k—o00 O QO

This completes the proof. O
Now, we are ready to prove the main result of this section.

Proof of Theorem 4.4.1. Since {fi} € 7_33 is bounded in L*>°(€2), there exists
a subsequence (still denoted by { fk}) and f' € Rg so that

fe = Cn)f" in L=(Q).

Hence, f, — up in L?(2). By Theorem 4.4.2, we have that i — up in
L?(€2). Then, Proposition 4.4.2 implies

C(n)inf ® < C(n)®(f") = C(n)||Vuy |3 < liminf[dg]? = liminf inf &, .
Rp k—oo k=00 R
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Also, Theorem 4.4.2 implies

limsupinf &5, < lim @, (f*) = C(n)®(f*) = C(n)inf ®.
k—00 RB k—o0 Rp

Consequently, we have ®(f*) = ®(f’). The uniqueness of optimal load

implies f* = f* a.e. and the uniqueness of solution implies up = u*. The
proof is complete. O
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Chapter 5

The Variational
Minimization Problem

5.1 Introduction

In this chapter, we are interested in generalizing the results in Section 1.6
to the fractional case. The setting of this variational fractional problem is
the following. Let 0 < s < 1 be fixed, 2 be a bounded open domain in R",
and f be a non-negative function. To avoid extra notations, in this chapter
we will use u; to denote the solution to

{(—A)Sul(x) + ly(z) = f(z) in Q,

w(z) =0 in R™\ Q, (5.1)

where [ € 7@5 is the so-called design function. Also, we define the functional

J(1) := [uy)? —1—/Qlul2dx = /quldzz,

where [-] is the Gagliardo-Nirenberg semi-norm (see Definition 2.2.1).
The weak formulation of (5.1) is

<(—A)5ul,v)—i—/glulvdx:/ﬂfvdx, (5.2)

for any v € H§(2).

Theorem 5.3.1 and Theorem 5.3.2 are the main results which give suf-
ficient and necessary conditions for some [ in Rp to be a minimizer. The
technical machinery we will apply is the so-called tangent cones method.
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5.2 Further Preliminaries

Lemma 5.2.1. For anyl € 7?5, the equation (5.1) has a unique solution
which satisfies

1 1
—§J(l) = —2/qulda:

_ L 1 2
= min <1[v]2+1/lv2dm—/fvdx> (5.4)
oweHz @) \2" 2 Jq Q ' '

Proof. If u; is a solution of (5.1), equation (5.3) follows from (5.2). For any
v e Hi(Q), we take

U(v) = %[v]g + ;/91112(11‘ — /vadx. (5.5)

Since W is strict convex with respect to v, there is a unique minimizer of
U, say wug. It suffices to show that ug is a solution of (5.1) if and only
if up minimize W. Take u. := ug + ep with ¢ € R, € H;(Q2). Then,
U(ug) > ¥(up) implies

€ (((—A)suo,g0> —i—/Qluocpdx — /Qfgo da;) > 0.

Therefore, we obtain

(~A)ug, 0) + /Q lugpdr = /Q Jod,

as required.
Conversely, assume ug = u; is a solution of (5.1). Then for an arbitrary
uy € Hj(Q), a direct computation gives

W (ur) — W(uo)
1

1 1 1
= [ul]g—l—/lu%d:c—/fuﬂx%—[ul]g—k/lul?dx
2 2 Jo 0 2 2 Jo

1 1 1 1
— —[ul]z + i[ul]g —{((=A)°up,u1) + 2/ lu%dw + 2/ lul?dx
Q Q

2

_ 1 (ur(2) — wi(x) — ua(y) +w(y))
f.

2
1
dedy + = | 1(u; —wy)%d
PTE=T xdy + /Q(ul wp)*dx

2

The proof is complete. O
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5.3 Existence and characteristic formula of the so-
lution

Theorem 5.3.1. J is convex and weak™— continuous in L (). In partic-
ular, there exists | in Rg such that

A

8 J(w) = min J(1) = J (D) (5.6)

Proof. We take ¥(v,1) as in (5.5). For v € H§(Q) fixed, ¥(v,!) is affine, and
hence concave with respect to . For [ € L>*(Q) fixed, v = w; realises the
minimum of ¥(v,l) over H{(£2) (see the proof of Lemma 5.2.1). By weak
formulation (5.2), we have

1
=J(l) = in W(v,l).
370 = e Y

which implies that —3.J(1) is the pointwise minimum of a collection of affine
functions. Therefore, —1J(l) is also concave, and hence J(I) is convex in
L*>(Q) as required.

Now, let I,, be a sequence in L>(12) converging to some | € Rz in weak*
topology. Let us denote by u,, the solution of (5.1) with design function
I, and by u; the solution of (5.1) with design function . In this case, the
function w,, := u,, — u; satisfies

(—A)% wy, +'lnwn =l —lp)u in Q, (5.7)
wy, =0 in R™\ ,
and the weak formulation gives
[wn] +/ lywp dr = /(l — lp)ujwpde. (5.8)
Q Q

By Lemma 2.2.3, weak formulation (5.2), Cauchy-Schwartz inequality, and
the fact that [ is non-negative, we have that

fun)? < /Q Fundz < | flzllunllz < CJFll2funle,

which implies that [uy]s < C||f|l2. Therefore, uy, is bounded in H§(§2) and
thus is also bounded in L?(§2). By Lemma 2.2.4, there exists a subsequence
(still denoted by w,,) and a function v € L?(Q) such that u, — v in L?(Q).
Take w* := v — u; and we get w, — w* in L?(Q). Therefore ww, — ww*
in L?(Q). Since I, — [ in L?(Q), the right hand side of (5.8) vanishes as
n — oco. Moreover, the term fQ lh,wy2dx is non-negative. Then w,, converges
to 0 in H{(12), and 0 is the only accumulation point of the whole sequence.
Thus, J is weak*—continuous in L*°(€2). Since J(I) is non-negative, there
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is a minimization subsequence. Therefore the existence of the minimizer
follows from Banach-Alaogu’s theorem. Finally, the first inequality in (5.6)
is the consequence of the fact that Rg is the weak™ closed hull of Rg. [

In this case, we are going to study the optimality conditions of the min-
imizer [. Note that in the following lemma, we have [ € L>°(Q) instead of
[ € Rg. Hence this lemma is essential in this section.

Lemma 5.3.1. For anyl € L>°(Q), J(I) is well-defined.

Proof. Let up and ug solve (5.1) with uy # us. We need to show that

/quldx—/ﬂfugdx.

Observe that we have the equations

(=A)%(u1 — ug) + l(ug —uz) =0 in ©
uy —uy =0 in R™\ Q.
Taking v = uj + ug as the test function in (5.9), we have

Ul - U2) uy + u2) + (l(ur — u2), ur + ug)

_ // (12 (@) — w1 (1)) — (uale) — ualy))
Rnxn |J;_ |n+2s
ui(e) = w1 (y) + (ua(a) — us(y))) dady
" / U(z) (u(x) — u3(a)) dar = O,
Q

or
wf + [ tubde = st + [ 1dds,
Q Q

as required. O

Lemma 5.3.2. The functional J is Frechet-differentiable at any point | €
7@5 and

(J'(1),h) = / —hujdz,
Q
where u; 1s the solution of (5.1).

Proof. Fix h in L*°(Q2). Subtracting equation (5.1) with design function
I 4+ h in the one with design function [, we have

(=A)* (wipn — w) + Wuppn —w) = —hupy,  in Q. (5.10)
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Taking v = uj4+p + u; as the test function

// (uipn(®) — upen(y)) — () —w(y))
RRXTL

|z — y[rt2s

(wn(@) = wn(y)) + (w(z) — w(y))) dedy
+/ Wi g (z) — luf(z)de
Q

= —/Qhuz+h (wtn(@) + w(z)) dz,

or
il = a2+ [ 1y, = 1o

= — /Q huwpyp, (Wi + w) de,

or
J(+h)—J() —|—/ huldx = —/ huy (upyp, — wp) de,
Q Q

and by Cauchy-Schwartz inequality

‘J(Z +h) = J(1) +/Qhu12d9€ < Whllsollvin = will2]lu2- (5.11)

Again, we take v = u;y, — u; as the test function in (5.10) and use Lemma
2.2.3. Since [ is non-negative, we obtain

1
5”“l+h — w3 < [wen — w)? +/ I (s, — ) dz
Q

= —/S)hUl+h<Ul+h_ul)dx7

or
wrn — w2 < Cllhuggp]|2-

As in the proof of Theorem 5.3.1, we have

”uH—h - Ul”2 < C”hH"O”ul + th
< O hlloofursnls < CO2Bllool £ 2.

Therefore, the right hand side of (5.11) converges to 0 uniformly as ||h]|ec —
0, as required. O

We refer to [5] and [45] for the concept of tangent cone as following.

Definition 5.3.1. For any subset A of a Banach space Y, and any a € A,
we denote the tangent cone of A at a by T)(a). We say v € T)(a) if and
only if for each t, — 0% there exists a sequence v, € Y satisfying
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2. for each n, we have a + t,v, € A.

In this thesis, we denote the tangent cone of the set 7_35 at the point
l € Rg by T'(l). By [37], we have the following lemma.

Lemma 5.3.3. The tangent cone T'(1) is the set of all h € L*>°(Q) such that

1.

/ h(z)dz =0,
Q

2.
Ixqon-l., = 0;

3.
Ixqun+llo =0,

where
Q?L = {:): € Ql(x) < 1} ,

n

and

n

Q}l:{xeﬁ,l(x)>1—l}.

Remark 5.3.1. [ € Rp is the minimizer of J if and only if

A

vhoe T'(), <J’(l),h> > 0.

A~

Proof. For any h € T'(l), Lemma 5.3.3 implies that [ +ch € Rpase— 0T
By Lemma 5.3.2,

A

J(I+¢eh)—J() = —5/9 hulgd:): + o(e?).

By minimality of [, we have <J ! (i), h> > 0. In contrast, assume [ is not the

minimizer. Then, there exists some [* € Rg such that J(I*) < J(I). Take
h:=1*—1[. Tt is easy to see h € T'(]). Then take g(¢) := J(I + ch) — J(I)
with € € [0, 1]. Since J is convex, g(¢) is also convex, and

0< (70).n) = g'0) < LH=20

which is a contradiction. O

The following lemma shows that « is non-negative a.e..
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Lemma 5.3.4. Let | be in Rz and let u; solves (5.1). Then |{u; < 0}| = 0.

Proof. Take w = supp u; . Let us assume |w| > 0. Then, let us take test
function v = v; in the weak form (5.2). We obtain

((—A)’uy,v) = /lulul_ dx—i—/gful_/,d:v (5.12)

/lul der/ful dx > 0.

However, the left hand side of (5.12) gives

<( UZ,UI //I:Qnmz UZ - UZ(|x))— (|Zl+§f) — u;(y)) dxdy
N // UI |x$ y|:i2g)) dxdy
2 _
(u (2))” —uy (@)u(y)
+ /Rn\w/w |n+2$ dl‘dy

— u 2—u_( Jug(x)
+ // ! y nl2sy ! dxdy < 0,
w JR™M\w ‘x_y‘ +

which is a contradiction. O

For any [ € ﬁg, we denote the following sets up to a set of zero measure,
Qo={zeQi(z)=0

Iz
O ={x e Ql(x) =1},
Q. ={zx e Ql(z) €(0,1)}.

(5.13)

Now, we have the following main result.

Theorem 5.3.2. Let | be in Rp and 4 solves (5.1). We use the notations

n (5.13). Then [ minimizes J if and only if the following two conditions
holds

1. If |2%] > 0, u is constant on .
2. For any x1 € O, x4 € Qs and o € o, we have

w(zo) < U(zy) < a(zy).

Proof. Thanks to Lemma 5.3.4, we prove the theorem as follows. Let [ be
the minimizer of J. We take the increasing union Q, = J, . Q¥ where

QZ:{er,i(w)e <711,1—i)}.

o8
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It suffices to prove that @ is constant on QF for every n > 2. Assume, for
some n, that @ is not constant on Q7. Then it is possible to find two subsets
A and B with positive measure such that |A| = |B| and

/a2dx</a2dx. (5.14)
A B

—1in A,
h(z) =41 in B, (5.15)

0 otherwise.

Then, we take

By Lemma 5.3.3, h € T"(I) and we use (5.14) to obtain,

<T’(i),h> - —/ hilde = / a2da —/ a2de < 0,
Q A B

which contradicts Remark 5.3.1, and we have proven that « is constant in
Q.

Now, assume the contrary and thus there exists a subset B with suffi-
ciently small positive measure in g such that

i|p > 1|g, = constant.

Then, we find A contained in 7 for some n such that |A] = |B|. By
selecting h in (5.15), we reach a contradiction as above. Similarly, we prove
ilg, = lg,- )

Conversely, assume that (u,l) satisfies condition (1) and (2) (with con-
stant C). Take any h € T'(l). Obviously, h is non-negative in g and
non-positive in €2;. Then we obtain

(T'(l),h) = —/ hudx
Q
= — / hildx — / hidx — / hii’dx
Q0 * Ql
> —/ hC2dx—/ hCzdx—/ hC?dx
QO * Q1

= —02/hdx:0.
Q

By remark 5.3.1, [ is the minimizer of .J. O
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Chapter 6

Conclusion and Open Areas

6.1 Conclusion

This is our first work in the direction of optimal rearrangement problems
for fractional equations. It has established a solid base for future research in
the area. In particular optimal rearrangement problems for the p—fractional
Laplacian, as well as constrained and more complicated variational problems
are of great interest.

One of the major problems in optimal rearrangement is the question
whether or not the solution to the relaxed problem, i.e., maximization /
minimization over 735, is also the solution to the original problem, or, is the
original problem solvable or not.

The fact that the fractional minimizer is not a bang-bang function ( f €
R\ Rp) is also an important result showing that the classical case is rather
an exception. A similar result has been obtained recently in [44].

Further we believe the derived fractional normalized obstacle equation
(4.16) is of great interest especially for the development of fast converging
numerical algorithms.

The maximization problem, motived by [2], is also an important result,
showing that fractional maximizers are bang-bang solutions, and that the
optimal rearrangement problem is solvable.

For the variational minimization problem related to semi-linear PDE
considered in Chapter 5, the answer is in general negative also in the classical
case. Further research in this direction is of great interest.

6.2 Open Questions

There are two open questions in the context of this thesis arising from Chap-
ter 3 and Chapter 5, which we would like to work in future.

In Chapter 3, for any minimizer f and the corresponding solution #, the
open question is to show whether the flat part {& = a} has zero measure
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(see Figure 3.1). Our efforts in this direction have not been successful so
far.

In Chapter 5, the open question is to show whether we could generalize
Theorem 1.6.2 in fractional setting. To explain it, the task is to find some
conditions on 8 and f so that the minimizer [ is a characteristic function,
or equivalently in Rg. The main difficulty arises from the non-locality of
the fractional Laplace operators, but one may be interested in conditions
on data with which the minimizer is never a characteristic function. The
methods in [37] heavily rely on the locality of the Laplace operators, and
are not applicable in non-local setting.
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