r Unive[sitg of
Nottingham

e
UK | CHINA | MALAYSIA

Integrating Adaptive Pattern
Learning and Fuzzy Logic for Online
Bin Packing

Thesis submitted to the University of Nottingham for the degree of
Doctor of Philosophy in Computer Science, July 2025.

Bingchen Lin

20416101

Supervised by

Jiawei Li
Tianxiang Cui
Huan Jin

Signature

Date / /




Abstract

The online bin packing problem (BPP) faces critical challenges in real-
world applications due to inherent uncertainties in unknown future input.
Current approaches-whether learning-augmented algorithms or fuzzy logic
systems-operate in isolation, failing to synergise historical knowledge ex-
ploitation with flexible and uncertainty-tolerant decision-making. This the-
sis bridges this gap through three interconnected innovations that advance
decision-making under uncertainty for online BPP and its vector generali-

sation.

First, we present a pattern-learning method for online BPP using symmet-
rical partitioning to discretise item sizes, prioritising practical performance
over worst-case guarantees. Unlike the Harmonic algorithm’s rigid parti-
tioning, our approach combines discretised items into adaptive packing pat-
terns informed by historical data-a novel strategy in online BPP heuristics.
Compared to the exact placeholder mechanism of ProfilePacking (PrP),
a contemporary learning based online BPP algorithm, our pattern-based
plans offer tunable generalisation and inherent compatibility with contin-
uous item sizes. The derived PatternPack algorithm outperforms Best-Fit
in computational efficiency and solution quality, with stability against dis-
tribution shifts. This data-driven pattern framework may extend to other

online optimisation problems requiring input-stream adaptability.



Second, we introduce a fuzzy-logic model for online BPP, replacing static
policies with dynamic, uncertainty-aware bin selection. Unlike crisp-parameter
heuristics, our approach integrates runtime statistics via type-1 fuzzy sys-
tems and could be extended with type-2 fuzzy sets using the novel weighted-
Or (Wor) operator. Wor outperforms traditional type-2 operators in adapt-
ability, enabling problem-specific tuning and excelling in uncertainty quan-
tification, particularly for out-of-distribution scenarios, where it achieves
state-of-the-art results. Validated across regression, classification, and BPP
tasks, this model, together with the Wor operator, provides a flexible yet
uncertainty-tolerant approach for decision-making in pattern-based online

BPP algorithms and online packing algorithms with constraints.

Third, we design the FuzzyPatternPack (FPP) algorithm, integrating pattern-
based planning and fuzzy logic for adaptive bin selection in online BPP.
Unlike the PrP algorithm, which relies on strict matching mechanisms, FPP
reduces the performance gap relative to offline solutions and demonstrates
stronger tolerance to prediction errors caused by evolving input distribu-
tions. Extending FPP to Vector BPP using DBSCAN clustering algorithm,
we address multi-dimensional resource constraints and scalability in more
complex scenarios. With the ability to unify pattern-learning, fuzzy logic,
and machine learning, FPP establishes a practicality-focused paradigm for

online packing problems with intricate constraints.

By harmonising pattern-driven adaptability with error tolerance in fuzzy
decision-making, this work establishes a paradigm for uncertainty-aware
online BPP and related online packing problems. The proposed methods
transcend bin packing, offering generalisable insights for logistics, schedul-
ing, and resource allocation systems where uncertainty and partial observ-

ability dominate.
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Chapter 1

Introduction

1.1 Background and motivation

Decision-making under uncertainty presents a critical challenge where pre-
dictive planning must coexist with real-time adaptability. The online Bin
Packing Problem (BPP) epitomises this tension, requiring sequential item
placement without concrete future knowledge while optimising resource
utilisation. For online BPP, while deep learning excels at making decisions
in data-rich oine settings (Que et al., 2023; Zhao et al.,, 2021), com-
putational algorithms, e.g., (Gupta and Radovanovc, 2020; Ross et al.,
2020), remain essential for latency-sensitive applications requiring real-
time explainability, lightweight scalability, and robustness to distribution
shifts|critical in edge computing, logistics, and resource-constrained sys-
tems. Apart from making decisions directly with neural networks, obtain-
ing predictions has also become far more feasible compared to the past,
which could be used by online optimisation algorithms to make more in-
formed decisions. Nevertheless, the accuracy of these predictions remains

uncertain.



1.1. BACKGROUND AND MOTIVATION

Regarding the trustworthiness of prediction, traditional optimisation ap-
proaches occupy opposing extremes on the adaptability spectrum. Stochas-
tic programming assumes known probability distributions, while robust
optimisation prepares for worst-case scenarios. Both are conceptually in-
adequate for practical BPP: stochastic methods may fail when historical
data distribution shifts unexpectedly, and robust approaches may main-
tain excessive bu er capacity akin to warehouse systems that persistently

reserve, e.g., 30%, bin space for non-existent "potential large items."

It is worth noting that much online BPP research was done based on the as-
sumption that there is no knowledge about future items. Modern learning-
augmented algorithms consider two ends of the prediction reliability at the
same time. Their online BPP member, Pro lePacking Algorithm (PrP),
proposed by Angelopoulos et al. (2021, 2022), treats the optimal solution
of the prediction as guidance, and faces two critical limitations. First, its
discrete input assumptions clash with real-world continuous measurement
systems where item sizes contain inherent sensor noise. Second, its focus
on evaluating worst-case competitive ratios restricts architectural complex-
ity. For example, neural networks or fuzzy rule bases are di cult to adopt
because their decision boundaries lack analytical worst-case guarantees,

despite their empirical success in decision-making.

Fuzzy logic enables nuanced reasoning under a continuous scale of ambi-
guity, e.g., de ning a bin asnearly full across a continuous [80%, 100%]
interval. Following its wide adoption in real-time control systems, many
applications in optimisation rely on static rule bases manually designed
for speci c operational conditions (Cuevas et al., 2020; Herrandez et al.,
2019; Seyfari and Meimandi, 2024). However, this creates a fundamental
integration challenge: learning-augmented algorithms dynamically adapt

to predictions (Angelopoulos et al., 2021) yet remain brittle to input un-

2



1.1. BACKGROUND AND MOTIVATION

certainty. At the same time, fuzzy systems handle ambiguity well but lack
autonomous learning capabilities. In online BPP, this manifests as rigid
rules (e.g., if bin isnearly full, prefer small items') failing when distribu-

tions shift, highlighting the unresolved tension between prediction-driven

adaptation and uncertainty-aware execution.

This challenge reveals complementary gaps in existing methodologies. On
one hand, learning-augmented approaches identify recurring item combi-
nations, which could be seen as patterns to suggest optimal packing con-
gurations, but their reliance on a simple rule of strict matching, creates
brittleness when predictions lack reliability. For instance, a system trained
on standard parcel sizes would treat oversized holiday packages as anoma-
lies and fall back to suboptimal heuristic packing. On the other hand,
fuzzy logic systems e ectively model ambiguous constraints through mem-
bership functions, but traditional implementations employ static rule bases
designed for speci c operational conditions. This rigidity prevents adapta-
tion to evolving distribution in real-time data streams, akin to a warehouse
cooling control system that cannot adjust to daily shipment volume uc-

tuations.

The core limitation of existing methods of online BPP lies in their isolated
treatment of uncertainty: learning-augmented approaches utilise historical
patterns, but lack advanced mechanisms to tolerate erroneous predictions.
In contrast, fuzzy systems can tolerate errors in input and vagueness in
rules during decision-making but lack a native way to exploit temporal
patterns in data streams. This dichotomy motivates the creation of an
error-tolerant paradigm of integration where patterns, as a generalised form
of item combinations learned from historical data, suggest probable actions,

and fuzzy systems assess their operational viability and make decisions.



1.2. RESEARCH AIM AND OBJECTIVES

1.2 Research aim and objectives

The overarching aim is to advance decision-making under uncertainty by
integrating pattern identi cation and fuzzy logic, with applications span-
ning mainly online BPP, with potential online packing problems with con-

straints. Speci c objectives include:

1. Pattern-Driven Adaptation:

" Design pattern-based algorithms that dynamically update strate-
gies using historical data, improving resource utilisation in on-

line BPP.

" Analyse pattern stability under distributional shifts to ensure

generalizability.
2. Fuzzy Logic for Decision Flexibility:

" Design a fuzzy logic model for bin selection based on patterns

and online statistics.

A

Investigate Interval Type-2 Fuzzy Logic System (IT2 FLS) for

noisy inputs handling.
3. Hybrid Decision Frameworks:

" Develop a hybrid algorithm FuzzyPatternPack Algorithm (FPP)
that combines pattern extraction with fuzzy bin selection, ad-

dressing prediction error in online BPP.

" Demonstrate the broader applicability of this framework to more

complex packing problems.

The three objectives above could be summarised as three research ques-

tions: Can we learn patterns from prediction to improve the performance

4



1.3. CONTRIBUTIONS

of classical online heuristics? Can fuzzy logic improve the performance of
a pattern-enabled algorithm? Does the integration of pattern learning and
fuzzy logic enables algorithms for more complex packing problems (e.g.,

Vector Bin Packing Problem (VBPP))?

1.3 Contributions

This thesis contributes to online BPP algorithm development through three

interlinked innovations:

1. Introduced and analysed a method with novel symmetrical parti-
tioning to discretise item sizes and learn patterns for online BPP.
Unlike the worst-case-oriented Harmonic partitioning method, this
approach aims to improve empirical average performance. By com-
bining discretised items, a pattern formulation is proposed to form
packing plans informedly based on historical input, unprecedented in
existing online BPP heuristics. Unlike the precise placeholders mech-
anism in the contemporary PrP algorithm, the pattern-based plan
features not only a parameterisable level of generalisation but also
a native support for continuous item sizes. Compared to the widely
used distribution-oblivious Best-Fit algorithm, a PatternPack algo-
rithm developed under this scheme demonstrates better performance
in terms of computational cost and solution quality. Its stability
against distribution shift is also analysed and tested. As a form of
knowledge mined from historical data, this pattern formulation could
potentially be applied to other online optimisation problems with

input streams.

2. Proposed and realised a model for pattern-based fuzzy logic bin selec-

5



1.3. CONTRIBUTIONS

tion in solving online BPP. In contrast to traditional static policies
with crisp parameters, this model utilises fuzzy logic to model un-
certainty and dynamically adopt runtime statistics as references. A
type-1 system was realised under this model. To further enhance the
system with type-2 fuzzy sets, the weighted-Or (Wor) operator was
proposed. Compared to traditional type-2 operators, this operator
can be tuned to better adapt to di erent problem types. It showed
advantages in initial tests on several typical regression tasks, clas-
si cation tasks, and uncertainty quanti cation. Especially for out-
of-distribution problems, Wor, as an uncertainty quanti cation mea-
sure, achieves state-of-the-art performance compared to other type-2
measures. This model, together with the Wor operator, provides
a exible yet uncertainty-tolerant approach for decision-making in

pattern-based online BPP algorithms.

3. Designed and extended FPP algorithm with pattern-fuzzy integra-
tion for solving online BPP. Compared to the PrP, featuring a strict
matching mechanism in planning and bin selection, FPP uses pattern-
based planning and fuzzy logic bin selection. It has been practically
demonstrated not only to reduce the performance gap relative to of-
ine solutions but also to exhibit higher tolerance to prediction errors
induced by distribution evolution. This algorithm was extended to
VBPP using DBSCAN clustering, addressing multi-dimensional re-
source constraints and demonstrating scalability in complex scenar-
ios. By integrating techniques from fuzzy logic and machine learning,
FPP establishes a new paradigm for practicality-oriented algorithm

development in online packing problems with constraints.

These contributions transcend online BPP, o ering a generalisable method-

ology for uncertainty-aware decision-making in logistics, scheduling, and

6



1.4. THESIS OUTLINE

other resource allocation systems.

1.4 Thesis outline
The thesis progresses as follows:

Chapter 2 reviews online BPP algorithms, prediction-based methods,

and fuzzy logic applications, exposing the research gap.

Chapter 3 presents the adaptive pattern-based algorithm, analysing

its stability and experimental validation against classical heuristics.

Chapter 4 proposes a general fuzzy logic model for bin selection in on-
line BPP with a type-1 realisation, and investigates IT2 FLS with the
Wor operator, demonstrating its e cacy in regression, classi cation,

and uncertainty quanti cation.

Chapter 5 introduces FPP and its VectorFuzzyPatternPack Algo-
rithm (VFPP) extension, validating adaptability to dynamic distri-

butions and multi-dimensional scenarios.

Chapter 6 summarises contributions, including limitations and rec-

ommendations for further research.

1.5 List of publications

While Chapters 4 to 5 are structured to sca old theoretical foundations
(fuzzy models) and their application (online BPP/Vector BPP), publica-

tions group contributions by methodological narrative. The integrated FPP
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framework (Sections 4.2, 5.2 and 5.3) appears as a single paper to demon-
strate end-to-end innovation, while generalised components Wor operator
and an extension VFPP form standalone works due to their distinct audi-

ences.

1.5.1 Published papers

The paper below has been published with content from Chapter 3:

Lin, B, Li, J, Bai, R, Qu, R, Cui, T & Jin, H 2022, "ldentify patterns in
online bin packing problem: an adaptive pattern-based algorithm'Sym-

metry, vol. 14, no. 7, pp. 1301. https://doi.org/10.3390/sym14071301

The paper below has been published with content from Section 4.2, 5.2 and

5.3:

Lin, B, Li, J, Cui, T, Jin, H, Bai, R, Qu, R & Garibaldi, J 2024, "A
pattern-based algorithm with fuzzy logic bin selector for online bin pack-
ing problem’, Expert Systems with Applicationsvol. 249, no. part A.
https://doi.org/10.1016/j.eswa.2024.123515

1.5.2 Unpublished work

Section 4.3 and Section 4.4 is in preparation for submission to IEEE Trans-
actions on Fuzzy Systems. Section 5.4 and 5.5 are in preparation for sub-

mission to a conference in combinatorial optimisation.



Chapter 2

Related Works

2.1 Online bin packing problem

In this section, a detailed de nition of the online bin-packing problem is
summarised as a foundation. Competitive ratio, a widely used measure-
ment for an algorithm's worst-case performance, would be introduced. Re-

views of several classical algorithms would also be given.

2.1.1 Problem description

A one-dimensional BPP aims to use the minimum number of bins of iden-
tical size to pack a set of items of di erent sizes. In its o ine version, the
sizes of the items are given prior to the packing. L& denote the capacity
of the bins to be used. The problem is to pack all the items of types,
with each item typei having a sizes; and quantity g. Let y; be a binary
variable to indicate whether binj is used in a solution §; = 1) or not
(yj =0). Let x; be the number of times item typei is packed in binj.

The problem can be formulated as follows:
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L Py
minimize =1 Yi (2.1)
P
subject to: Lxj=q fori=1; ;n (2.2)
P, _
i-; SiXj By, forj=1; ;U (2.3)

where Ug is the maximal number of possible bins available to use.

A BPP is called online when each element needs to be packed as soon as
it is inspected, without the knowledge of other future items. We consider
an in nite sequence of items without prior knowledge of their sizes. Each
item needs to be packed at the time of arrival. Heuristic algorithms are
commonly used to solve this kind of problem with uncertainty, since optimal

solutions are impossible to acquire.

2.1.2 Competitive ratio

The performance of an approximation algorithm can be measured by its
worst-case behaviour, which could be quanti ed by an asymptotic worst-
case ratio (asymptotic performance ratio). For online problems such as
the online bin-packing problem, it is also called a Competitive Ratio (CR),
which would be used in this paper. LetA(L) denote the number of bins
used by Algorithm A to pack the items of L; OPT denotes an optimal
algorithm, which always uses a minimal number of bins. Le¥ be the
set of all listsL for which the maximum size of the items is bounded from

above by . For everyk 1,

Ra(k: )= sup #:OPT(L): k (2.4)
L2V

Based on Equation (2.4), the CR (or asymptotic performance ratio) could

10
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be formulated as a function of :

Ri ()= limgs Ra(k; ) (2.5)

As shown by Equation (2.5),R% ( ) measures the quality of the packing
decisions made by algorithm A in the worst case, compared with the opti-
mal result . Additionally, plainly, Rz ( ) 1. Based on Equations (2.4)

and (2.5), a more universal form could be derived, which is

A(L) Rx()OPT(L)+ K (2.6)

for every list L 2 V . Conventionally, if is not specied, the CR of
algorithm A could be denoted aRx  Rj3 (1). In this paper, uncommon

cases where 6 1 are not studied, so no speci cation would be made.

2.1.3 Existing algorithms

Based on the measure above, many simple but e ective online algorithms
were proposed. In describing an online bin-packing algorithm, we use the
current item to indicate the item to be packed before a decision point. So
right after a packing decision, the current item changes from to a;.; . One

of the simplest approaches is to pack items in sequence according to Next-
Fit (NF): after packing the rst item, NF packs each successive item in
the last opened bin, if the bin could contain that item. Otherwise, the last
opened bin would be closed and the current item would be placed in a new
empty bin. The advantage of NF is that it is quite an e cient algorithm,
with the time complexity of O(n). The disadvantage of this algorithm is a

relatively poor CR: Ry =2 by Johnson et al. (1974).

11
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A conspicuous aspect of its performance is that it closes bins that could
be used for packing future items. A direct modi cation to this algorithm

is to keep all the bins open throughout the packing process. A greedy way
is to locate a bin with the largest remaining capacity, which is Worst-Fit
(WF): if there is no open bin that can contain the current item, then WF
packs the item into a new empty bin. Otherwise, WF packs the current
item into a bin with the largest remaining capacity. If there is more than
one such bin, WF chooses the one with the lowest index. Although it could
be expected that WF performs better than NF, it does not. It is proved

that RY,- = Ry by Johnson (1974).

Another simple rule is to scan through all the opened bins one by one and
put the item into the rst bin that ts the item. This is called First-Fit
(FF): if there is no open bin that could contain current item, then FF packs
the item into a new empty bin. Otherwise, FF packs the current item into

the lowest-indexed bin that ts.

To achieve a better performance, a natural complement to WF has also
been studied. Instead of choosing the bin with the highest remaining ca-
pacity, it aims to pack the item into a bin such that the waste is minimised.
Best-Fit (BF): if there is no open bin that could contain the current item,
then BF packs the item into a new empty bin. Otherwise, BF packs the
current item into a bin with the lowest remaining capacity. If there is more
than one such bin, BF chooses the one with the lowest index. By adopting a
proper data structure, the time complexity of FF, BF and WF isO(nlogn).

It has been proved thatRt: = Ri: =1:7 (Johnson et al., 1974).

FF, BF, and WF share many common characteristics. One of them is the
satisfaction of Any-Fit constraint, proposed by (Johnson, 1973). Any-Fit

constraint is that, in a packing decision, if bin j is empty, it cannot be

12
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chosen unless the current item will not t in any bin to the left of bin

j. By fullling the constraints, FF, BF, and WF are also called Any-Fit
algorithms. They are straightforward, incremental, and do not classify
open bins into di erent categories. The upper and lower bounds of CR of
these algorithms have been proved, whichaRt, R} Ry (Johnson,
1974). These algorithms could be used o ine with an extra step of sorting
the items in decreasing order. The transformed algorithms are called First-
Fit Decreasing (FFD), Best-Fit Decreasing (BFD),Worst-Fit Decreasing
(WFD).

Other than incremental Any-Fit algorithms, many bounded-space algo-
rithms have also been explored. An algorithm idounded-spacdf the
number of open bins at any time in the packing process is bounded by
a constant. For example, FF utilises one bounded space. The motivation
and practicality of developing this type of algorithm are clear. For example,
to load trucks at a depot, one cannot have an in nite number of trucks at
the loading dock. One of the most trivial algorithms is a modi ed version
of NF called Next-k-Fit (NFy) (Johnson, 1973). It packs items following
the FF rule, but only considers the k most recently opened bins. When
a new bin must be opened, the bin with the lowest index is closed. As
expected, the CR of Nk tends to 17 with k increasing. Based on the
idea of bounded-space, a potential improvement direction, as pointed out
by Yao (1980) and summarised by Co man et al. (2013), is to consider
adopting the reservation technique, to retain empty space for future items

proactively. This idea had already appeared in some research.

Lee and Lee (1985) proposed a bounded-space algorithm Harmgrgldy).
This algorithm is based on a special, non-uniform partitioning of item size
interval (0;1]. The \harmonic partitioning” is used to classify items into

i

k groups: |; = J%ljl (1 j k 1)andly = 0;f. Ij-element is

13
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de ned as an element whose size belongs to the interval Similarly, bins
are also classi ed into k categories and ah -bin is de ned to contain I;-
element only. I -elements could only be packed into ah -bin following the
rule of NF, and thus, at most k bins could be open at the same time. It has
been proved thatR{,,  1:69103, lower than all Any-Fit algorithms. The
bottleneck of the algorithm is the waste of space df;-element, of which
the range of size is ;1 . For an item with size just over%, almost half
of the capacity of the packed bin would be wasted. However, it has been

proved that a bounded-space algorithm cannot do better than H

Yao (1980) rstly broke through this barrier with the Re ned First-Fit
(RFF) algorithm, which has unbounded space. Unlike H this algorithm
does not parameterise the partitioning but divides the (L] statically into
0,2, 12, %1 and ;1. Other than packing type i item into type i
bin, every sixth type-2 item would be packed by FF into type-4 bins. It
has been proved thaRk.r = 2  1:666. Compared with Harmonig, RFF

separates the %; 1 with Z, and assigns ;2 to complement the bin space

wasted by ;1 items.

With the idea from RFF, many algorithms based on | managed to better
use the wasted space df-bins, including Re ned Harmonic (Lee and Lee,
1985), Modi ed Harmonic (Ramanan et al., 1989)Harmonic+1 (Richey,
1991), Harmonic++ (Seiden, 2002), etc. The latest lower bound of this
problem is 1.54037 (Balogh et al., 2012).

Like Hy and RFF, every algorithm with the idea of a reservation technique
tends to combine two or more types of items with some rules to avoid
being short-sighted. K combines everylj-element into|;-bins so that alll
the closed bins must have a remaining capacity less th:ﬁ%ul—. For example,

a closedl s-bins with item size range %% always have ve items inside,

14
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which means that the utilized capacity would be higher thang, which
means that the wasted space would always be less thén It is clear that
as j increases, the utilisation of bins would increase. The calculation of the
CR of this algorithm (Lee and Lee, 1985) shows this trend: as k rises, the

CR never worsens.

Recall that based on the limitation of the wasted space caused by large
items, especially ones larger thag, one improvement is to Il the wasted
space with other items. Very recently, after many Harmonic-based algo-
rithms, Heydrich and van Stee (2016) summarised a general framework
SuperHarmonic it classi es incoming items of one type into red items
and blue items. Then, intuitively, it packs the blues bottom up and packs
the reds top down to reduce waste. Other than harmonic partitioning, it
also integrates manual partitioning. Based on this framework, algorithm

SonOfHarmonic reaches the CR of 1.5813.

Other than harmonic-based approaches, many methods with various per-
formance measures have been developed for BPP. Attempting to combine
the strengths of di erent heuristics, hyper-heuristics that choose one suit-
able heuristic from a set of heuristics were proposed to solve a particular
portion of a problem instance (Silva-Galvez et al., 2020). The performance
of di erent heuristics on a historical basis was measured, and a decision
was made on the selection of heuristics for the next segment of instances.
The success rate, compared to BF and FF, was adopted as a performance

measure.

Inspired by approximate interior-point algorithms for convex optimisa-
tion, Gupta and Radovanovt (2020) proposed an interior-point-based al-
gorithm. It is fully distribution-oblivious, meaning that it does not make

decisions based on distribution information, i.e., it is learning based. Un-

15
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. . . o P =
der its average case analysis, the algorithm was proven to exhil@( T)
additive suboptimality compared to o ine solutions, which is lower than

all existing distribution-oblivious algorithms, which haveO(T).

In (Ross et al., 2020), attempts were made to apply human intuition to solve
2D BPP directly. They recorded human behaviours from game-play and
created multiple Human-Derived Heuristics (HDH) in the form of decision

trees.

A Deep Reinforcement Learning (DRL) method was adopted to learn the
policies to solve a 3D online BPP (Zhao et al., 2021). Since the target
scenario is the factory assembly line, the next few items coming up could
be determined in advance with this problem formulation. Space utilisation

and stacking stability were used as performance measures.

2.1.4 \ector Bin Packing Problem

The VBPP is a combinatorial optimisation challenge where items with mul-
tiple resource requirements (dimensions) must be packed into the minimum
number of bins without exceeding capacity constraints in any dimension.

It could be formulated mathematically as follows:

X

minimize Yj (2.7)
j=1

subject to: Xj =1 8i=1;::5;n (2.8)
i=1

Sik Xij By, 8) =1;:::;U; 8k=1;:::;d (2.9)
i=1

Xj 210,19, y; 2f0;19 8i;j (2.10)
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where:

" y;: Binary variable indicating whether binj is used § = 1) or not

(y; = 0).
Xj . Binary variable indicating whether itemi is placed in binj.

Sik: Size of itemi in dimensionk (e.g., CPU, memory, disk require-

ments).

By: Capacity of a bin in dimensionk.

" n: Number of items to pack.

~ U: Upper bound on the number of bins (e.gJ = n).

d: Number of resource dimensions.

This section reviews classical and state-of-the-art algorithms for both o ine
and online settings, focusing on di erent forms of generalisation from the

1-D classical heuristic algorithms.

Online algorithms

In the online setting where items arrive sequentially and must be immedi-
ately packed without future knowledge, algorithms face fundamental lim-
itations. The classic FF and BF strategies extend to multiple dimensions
by accepting an item into the rst bin where all resource constraints are
satis ed, either in insertion order or maximising resource utilisation. The
generalisation of the FF algorithm is mainly similar to the original algo-
rithm, while the BF algorithm has multiple potential generalisations, based

on the space/size comparison logic.

17
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The FF in VBPP operates on an ordered list of itemg = f1; ;ngand
an ordered list of activated binsB, where B initially consists of a single
bin. Items are considered one by one in the order specied In For each
item i 2 |, the algorithm checks the ordered list of bin® in sequence. It
attempts to allocate the itemi to the rst bin j in the list for which the
allocation is feasible. Feasibility is determined by the condition that for
each dimensionk = 1; :d, Si By, P ::11 Sk Xy, Which is derived
from the packing constraintP inzl Sik Xij Bky; in the VBPP formulation.

If no feasible bin is found, a new bin is activated and added to the end of
the list B. Since every allocation changes the residual capacity of the bin
used, the ordering of listB may require updating after each packing of an

item.

The BF aims to nd the \best" bin for an item among the activated bins. It
calculates a combined size measuvéi) for item i and a combined residual
capacity measurev(B;) for each activated binj . The item is then allocated
to the bin j that minimises the \waste" of capacity. Mathematically, the
algorithm selects the binj such that v(B;) v(i) is minimised among
all bins j for which the allocation is feasible. The feasibility condition is
the same as in the First Fit algorithm, i.e., Sy By, P ::11 s X for
k=1; ;d. Similar to the First Fit algorithm, if no feasible bin is found,

a new bin is activated.

To make BF applicable to the multi-dimensional VBPP, we need to de ne
how to compare the sizes of items and the residual capacities of bins. One
common way is to use norms to aggregate thatuple of sizes or residual

capacities into a single scalar value.

The "1 -norm, also known as the maximum norm, is de ned as follows: For

an item i, its combined sizev(i) = max; ¢ 4f WkSik g, wherew are weights
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assigned to each dimensiok. For a bin j, its combined residual capacity
P

V(Bj) = max; x of wi(Buyy; " SkXij )g. The 1 -norm focuses on the

dimension with the largest value among all dimensions. ¥, = 1 for all k,

it simply takes the maximum value of the components in thel-tuple.

The "1-norm, or the Manhattan norm, sums up the absolute values of the

components. For an itemi, v(i) = P Ezl w,Si, and for a binj, v(Bj) =
4 Wi(Byy; i " SikX; ). This norm takes into account all dimensions

equally in a sense, as it sums up the contributions from each dimension.

dp———
The ",-norm, also called the Euclidean norm, is de ned a#(i) = ﬂzl Wi (Sik )?

=N

for an itemi and v(B;) = i ﬂzl Wi (Bry; " ", Sikxj )2 forabinj. In
practice, to order items and bins, the square root can be dropped as it
does not a ect the relative order. The ,-norm gives more weight to larger
values in the d-tuple compared to the ;-norm, as the values are squared

before summing.

These norms provide di erent ways of quantifying the \size" of an item or
the \residual capacity” of a bin in the multi-dimensional space. Di erent
norms can lead to varying behaviours of the FF and BF algorithms in
VBPP, and the choice of norm can signi cantly impact the performance of
these algorithms in terms of the number of bins used and the quality of the
packing solution. For example, the ; -norm might be more suitable when
there is a dominant dimension, while the ;-norm provides a more balanced
consideration of all dimensions. The,-norm lies somewhere in between,

taking into account the magnitude of each dimension in a non-linear way.
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O ine algorithms

Recall that from 1-D online BPP, many o ine algorithms were devel-
oped to generate optimal solutions or near-optimal solutions. Likewise,
for VBPP, apart from the universal methods to tackle the above MIP in
an exact way. Some dedicated algorithms are developed speci cally for
VBPP. Mommessin et al. (2025) classi es the algorithms in the following

categories (Figure 2.1):

" Item-centric: items considered one by one in a speci ¢ order
~ Bin-centric: bins lled one at a time

" Multi-bin: multiple bins activated at the beginning

Figure 2.1: Classi cation of Vector Bin Packing algorithms by Mommessin
et al. (2025)

Item-centric algorithms

The item-centric approach is inspired by classic 1-D BPP algorithms. In

this approach, items are considered one by one in a speci c order. For each
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item, the algorithm tries to nd the \best" bin among the existing bins to

place the item. The \best" bin is determined based on a certain evaluation
metric. After scalarisation, items are allocated to bins via rules, e.g., BF,
FF, WF, NF as have been explain under 1-D settings. In o ine settings,
the pre-sorting of the item sizes is allowed, with di erent types of norms

introduced earlier.

For this category of algorithms, Kou and Markowsky (1977) proposed early
ideas related to multi-dimensional bin packing algorithms, which laid a
foundation for the development of Item-Centric approaches. Maruyama
et al. (1977) explored various size measures for items and bins, such as
volume-based measures, and their work was among the early e orts in
this area. Panigrahy et al. (2011) provided a comprehensive summary of
size measures, including the popular , "1, and ", norms, and their work
has been a key reference for researchers in this eld. Spieksma (1994)
and Caprara and Toth (2001) further advanced the Item-Centric approach.
Spieksma (1994) proposed a more complex version for the 2-dimensional
case, and Caprara and Toth (2001) contributed to the study of lower bounds

and algorithms for the 2-dimensional vector packing problem.

Bin-centric algorithms

The bin-centric approach focuses on lling bins one at a time. Rather than
considering items rst and then nding a suitable bin for each item, this
approach starts with a bin and tries to Il it with as many items as possible.
Once a bin cannot accommodate any more items, a new bin is opened and
the process repeats. Starting with an empty bin, the algorithm ranks the
unpacked items in the current bin according to a speci ed strategy. Iltems
are added to the current bin in the ranked order as long as they t within

the bin's capacity in all dimensions.
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Initially, Falkenauer (1996) introduced a hybrid grouping genetic algorithm
for bin packing, which provided new perspectives on how to approach the
bin- lling process. Panigrahy et al. (2011) proposed various bin-item scores,
such as the >,-Norm of Slacks, which are used to evaluate the suitabil-
ity of an item for a bin. Gabay and Zaourar (2016) further expanded
the bin-centric approach by introducing new dot-product-based scores, like
Dot-Product 2 and Dot-Product 3, and other weights for dimension pri-
oritisation. Cai et al. (2022) contributed with the Fitness score, which is
related to the Normalised Dot-Product score. Mommessin et al. (2025)
introduced two new item-bin scores, Tight Fill with Sum and Tight Fill

with Min.

These scores play a vital role in bin-centric algorithms for Vector BPP.
Bin-item scores are numerical values calculated for each unallocated item
i and a current bin Bx. They are designed to measure how well an item
would tinto a bin, taking into account both the item's size and the bin's

remaining capacity in all dimensions.

For example, the ,-Norm of Slacks proposed by Panigrahy et al. (2011)
measures the norm of the residual capacity that would be left in biBy if
item i was allocated to it. Since the bin-centric algorithm gives preference
to the highest score, the -expression for the slack is set as negative. So,
a smaller value of the ,-Norm of Slacks indicates a better t, as it means

less residual capacity would be left in the bin after placing the item.

The dot-product-based scores introduced by Gabay and Zaourar (2016)
measure the closeness between the vector of the item sigeasnd the vector
of the bin residual capacitiesy. Dot-Product 1 is a natural generalisation
of the dot-product formula with di erent weights wy, for dimensions. Dot-

Product 2 and Dot-Product 3 are variations that measure the angle between
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the two vectors (the lower the angle, the better) and the projection of the
item vector s; to the free-space vectory (the larger the projection, the

better), respectively.

The Fitness score from Cai et al. (2022), which is related to the Normalised
Dot-Product score, normalises the item sizg;, by Dy, the total demand of
all items in dimensionh, and the residual capacities, of the bins by Ry,
the total residual capacity of all bins in dimensiorh. While Dy, is computed
once at the start of the algorithm, Ry, is recalculated dynamically as items
are allocated. This normalisation helps in comparing items and bins more

e ectively, especially when dealing with di erent-scale dimensions.

The Tight Fill with Sum and Tight Fill with Min scores from Mommessin

et al. (2025) o er new ways to assess how well an item would utilise the
free space in a bin. The Tight Fill with Sum score is the weighted sum
of the tness valuessj,=ry,, which characterise the tness of itemi for
allocation to bin By with respect to dimensionh. The Tight Fill with Min
score focuses on the dimension with the smallest tness value. These scores
take into account the relative sizes of items and bins in each dimension,
providing a more re ned measure of item-bin compatibility. These scores
are essential components of bin-centric algorithms. They enable algorithms
to make more informed decisions about which item to allocate to a bin,
ultimately aiming to optimise the bin-packing process and minimise the

number of bins used.

Multi-bin algorithms

Multi-bin approaches, proposed by (Mommessin et al., 2025), are designed
to overcome the myopic nature of item-centric and bin-centric heuristics
(short-sightedness). These approaches activate multiple bins at the begin-

ning and consider all the activated bins when making decisions about item
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allocation. This allows for a more global view of the packing problem.

The two key components of a multi-bin algorithm are the bin activation
strategy and an algorithm for solvingV BP P(m), where m is the number

of bins in use.

The simplest bin activation strategy is the incremental approach. It starts
with a lower bound m on the number of bins and solves a series of prob-
lemsVBPP(m), VBPP(m + 1), VBPP(m + 2); , terminating when
VBPP(m + k) has a feasible solution. Mathematically, ifA(m) is an
algorithm that solves V BPP(m), the incremental strategy callsA(m),

A(m +1), until a feasible solution is found.

Another approach is the binary search over a series of triad values, with
m 2 fm; ;mg, wherem is the lower bound andm is an upper bound
found by one of the item-centric or bin-centric approaches. The binary
search strategy can be more e cient than the incremental approach when

the algorithm for solvingV BP P(m) is monotonic.

Any of the item-centric or bin-centric algorithms can be adapted fov BP P(m)

by activating m binsB = fB;; ;Bn,g at the start.

" For an adaptation of an item-centric algorithm forV BP P(m), like
WF(m) or WFD(m), the algorithm considers a current itemi and
selects one of than bins from the setB according to the rules of
the original item-centric algorithm. For example, WFD (m) with
a forward size measure prioritises the bin selection with the largest
residual capacity, measured as(By), to pack an item Mommessin

et al. (2025).

An adaptation of a bin-centric algorithm for V BP P(m) computes

item-bin scores ;. for all unallocated items and them bins that can t
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them, and selects the highest-score pair for the next allocation. The
resulting algorithm is calledP airing (m). However, due to the large
number of pairs to be exploredP airing (m) is more computationally

demanding compared to the item-centric adaptation.

Some versions of the adapted algorithms produce the same solution as their
counterparts with bins activated one-by-one. For example, algorithms like
FF(m), FFD(m) (with any bin size measure),WF(m) and WFD (m)
with a reverse bin size measure, andF (m) and BF D (m) with a forward

bin size measure place a current item into an empty biBy only if that item
does not tinto any of the partially loaded binsB;;  ; Bk 1, resulting in

the same solution as the one-by-one bin activation scenario.

2.2 Prediction in online combinatorial opti-

misation

In this section, the relevant literature in the eld of online optimisation and
decision-making will be introduced. Two categories of algorithms will be
covered: distribution-oblivious and learning-based. The challenges faced
by distribution-oblivious algorithms will be discussed, and the progress in
developing learning-based algorithms will be presented. Works in the online

BPP will be examined in more detail.

2.2.1 Distribution-oblivious online optimisation

Recall that in section 2.1, classical algorithms and many recently developed
algorithms are distribution-oblivious, meaning that they are not based on

future information. This applies to a majority of online combinatorial
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algorithms. The evaluation of algorithms is mostly based on two main
approaches: competitive analysis and regret analysis. As explained earlier,
the competitivity analysis focuses on the worst-case performance of the
algorithm, providing a robust measure of its quality. The regret analysis
focuses on the average performance of the algorithm over time, providing
a measure of its adaptability. It measures the additive suboptimality of an
online algorithm compared to the o ine optimal solution, particularly in

terms of the number of bins or wasteRegret can be formally expressed as:

Rr = E NA¢  E NOPT (2.11)

where:

Rr: Regret after T time steps or items.

E N2 : Expected number of bins used by the online algorithm up

totime T.

" E NPPT : Expected number of bins used by the o ine optimal al-
gorithm up to time T.

f (T): A function bounding the growth rate of the regret (e.g.f (T) =

°1.

Some works emphasise the rate of regret growth, where order notation is
appended:
Rt = O(f (T)) (2.12)

wheref (T) is a function of T (e.g. P T) that bounds the regret growth

asymptotically.
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2.2.2 Learning-based online optimisation

As simple heuristics, classical online algorithms do not rely on information
other than the current items and bins. Any-Fit algorithms make decisions

based on simple rules. Harmonic-based algorithms divide items into dif-
ferent groups and adopt a technique to reserve capacity for specic types
of items during packing. Conventionally, the worst-case performance is

analysed for comparison, usually by evaluating the CR.

While e ective in certain scenarios, these methods may not fully capitalise
on valuable insights that could be derived from the regular distributions
observed in real-world input item sequences. Many attempts have been
made to develop new algorithms based on other matrices, such as regret.
Csirik et al. (2006) developed an algorithm, assessed its regret growth rate,
and came up with a learning-based variant with a distribution tracker.
There are also some data-driven methods proposed with learning mecha-
nisms. An adaptive rule-based algorithm was developed in (Dunke and
Nickel, 2020). Instead of using a value to choose dierent heuristics, it
automatically con gured the behaviour of an algorithm by computing a
threshold value based on available data elements. This could be seen as a
generic meta-heuristic framework and could be applied to multiple online
problems, including bin packing, lot sizing and scheduling. The algorithm

was assessed using an experimental CR.

Recently, with the emergence of Learning-Augmented Algorithms (LAA),

many new online algorithms have been developed with both worst-case
guarantees and performance assurance. Non-traditionally, these algorithms
leverage predictive analytics based on historical data, allowing for more

informed decisions, under uncertain environments.
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Learning augmented algorithms

LAAs is a class of algorithms that adopts a \learning augmented" frame-
work. Under this framework, the algorithms use predictors (that are based,
e.g., on prior instances of the problem) which provide structural information
about the inputs (Silwal, 2021). The evaluation of such type of algorithm
contains two aspects of performance: consistency and robustness (Wei
and Zhang, 2020), which means the algorithm aims to have near-optimal
performance when these predictions are good but recover the prediction-
less worst-case behaviour when the predictions have large errors. Both

theoretical CRs and experiments are used in the evaluation.

At an early stage, this area of research focuses on minimising the bits of
information needed to solve the problem optimally (Dobrev et al., 2009) or
with a certain CR (Backenhauer et al., 2009). For example, Boyar et al.
(2016a) analysed the online BPP, and gave tight upper and lower bounds
for the amount of advice an algorithm needs to achieve optimal packing.
Progress on other problems was summarised (Boyar et al., 2016b)), which
also gives a speci c open question on the online BPP: \How small a CR
can be achieved for Bin Packing using constant advice". Mitzenmacher
and Vassilvitskii (2020) narrowed the form of advice and provides an in-
troductory analysis of prediction, as a particular case of advice, on several
problems. The authors introduced machine-learned prediction and pro-
posed algorithms that could have near-optimal performances when these
predictions are good, but recover the prediction-less worst-case behaviour

when the predictions have large errors.

Guided by the above direction, much recent research has explored di er-
ent online algorithms with prediction. Studied online problems include:

rent-or-buy (Drygala et al., 2023; Bhattacharya and Das, 2022; Anto-
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niadis et al., 2021), set covering (Zeynali et al., 2021; Bamas et al., 2020;
Xu and Zhang, 2022), scheduling (Lindermayr and Megow, 2022; Bampis
et al., 2022a; Angelopoulos and Kamali, 2021), routing (Gouleakis et al.,
2023; Kodialam and Lakshman, 2021; Bampis et al., 2022b), network de-
sign (Jiang et al., 2022; Almanza et al., 2021), packing (Im et al., 2021),

etc.

Pro lePacking

Based on the preliminary work in Boyar et al. (2016b), Angelopoulos et al.
(2021, 2022) developed PrP catering discrete item sizes. PrP algorithm
utilizes predictions on the frequency of item sizes. This algorithm employs
a pro le set as an approximation of the expected input and packs items
according to the optimal packing of this pro le set. In other words, it treats
each item in the optimal solution as a placeholder for incoming items of the
same size. Before packing, PrP requires a prediction, which is also called
the pre x. The pre x consists of a collection of item sizes and is packed
by an o ine algorithm. The o ine solution is treated as a pro le group,

which will be lled according to the type of each incoming item.

The algorithm is claimed to have optimal consistency, meaning that it per-
forms best when the predictions are error-free, and near-optimal robustness,
meaning that its performance degrades slowly as the prediction error in-
creases. The reported CRof PrPis1+(2+5 C + , where is any xed

constant less than @, represents the prediction error.

Two variants are proposed in (Angelopoulos et al., 2021). The Hybrid
variant integrates the classical FF with a parameter 2 [0; 1]. The value of
de nes the portion of items handled by PrP. For instance, when = 0:5,

each of the two algorithms handles half of the incoming items. This ap-
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proach is tested and found to have higher robustness compared to PrP.
Here PrP( ) is used to represent both original and Hybrid(), as Hybrid(1)

is identical to PrP. The other variant is called Adaptive(w), and it is de-
signed from a more practical perspective. Instead of relying on a pre-known
distribution \pre x", \pre x" is replaced with a dynamically updating pre-
diction based on a \Sliding Window" approach. This involves considering

a w of the most recently received items to make predictions.

The practical experiments on benchmarks show that PrP, along with its
variants, has advantages compared to classical heuristics. However, the
placeholder-based mechanism can only handle items that have appeared in
the pro le. If an incoming item is of a size not appeared in the prediction,
called \special items,"” such items would be packed by FF as a fallback
option. In their work, all the tests were done under a discrete setting
where the input item sizes are integers in the range ;(D0?]. Nevertheless,

if sizes of items are in a much wider range, such as; {0/], it would be
very likely to have many more \special items" that are forcibly packed by
FF, resulting in degrading performance. For time e ciency and simpli ed
implementation, FFD was adopted to generate pro le groups, instead of

an exact algorithm.

2.3 Fuzzy logic in optimisation

Proposed by Zadeh (1965), fuzzy logic has become one of the most in uen-
tial tools for modelling human thinking and exhibiting white-box explain-
able decision-making processes. This section provides a brief history of the
development of fuzzy-driven decision-making, with modern integration and

application in optimisation.
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2.3.1 Fuzzy Set

Fuzzy set theory is the fundamental concept in the area of fuzzy logic. The
concept of fuzzy set emerged due to the existence of classes in the real

world that lack precisely de ned membership criteria.

Such imprecisely de ned "classes" are important in human thinking, espe-
cially in pattern recognition and information communication. Afuzzy set
is de ned as a class with a continuum of grades of membership (Zadeh,

1965).

Membership functionassigns each object a grade between zero and one,
providing a way to handle problems where the imprecision comes from the
lack of clear class membership criteria rather than random variables. In
this example, Friday has a membership degree of50in the fuzzy set of

\days of the weekend", noted by ,,(Friday) = 0:5.

Intersection, union and complementation can also be de ned in multiple
ways. For intersection, common operators include minimum and product.
The former returns the minimum degree of membership among all the
fuzzy sets operated as the result, while the latter returns the product.
For union, maximum and probabilistic-or (Or) are commonly used. The
former returns the maximum degree of membership among all, while the
latter returns the a+ b a bwherea andbare input membership degrees.
Intersection and union operators are sometimes referred to as meet and join

operations, which are widely used in operator theory (Chavan et al., 2023).

Other properties of a set are also inherited and formally extended hence-
forth. Fuzzy set theory is fundamental for multiple higher-level fuzzy
logic applications in arti cial intelligence, such as natural language pro-

cessing, pattern recognition, knowledge representation, expert systems and
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robotics. It is competitive in modelling or handling vagueness and uncer-

tainty in various data types.

Although the initial fuzzy set theory claims to be capable of modelling un-
certainty, no uncertainty is associated with this membership function that
only gives one membership degree. (Zadeh, 1975) proposed an interval-
valued membership function to model the uncertainty in the degree of
membership explicitly. This uncertainty is modelled by an Upper Mem-
bership Function (UMF) and a Lower Membership Function (LMF). This
type of membership function is later referred to asnterval type-2 mem-
bership function The theory also proposes @eneral type-2 membership
function, where the interval is extended to fuzzy set. Recent developments
in type-2 fuzzy sets have improved their e ectiveness by addressing the
computational complexity associated with type reduction and defuzzi ca-

tion (Mendel and John, 2002; Mendel, 2013; Mittal et al., 2020).

In particular, IT2 FLS treats the secondary memberships uniformly (Wu
and Mendel, 2015, 2016, 2017; Zhang and Li, 2017; Liu and Mendel, 2016).
This simplicity enables IT2 FLS to provide a lightweight and e cient
method for handling decision-making problems under uncertainty (Liang
and Mendel, 2000; Mendel et al., 2006; Aladi et al., 2014), making them
practical in various applications, such as forecasting and classi cation(Zhang
et al., 2023; Mai, 2021), system control (Castillo and Melin, 2012). In re-
cent years, the integration of Type-2 Fuzzy Logic Systems (T2 FLS) into
machine learning has gained signi cant attention. Various models have
been developed to handle uncertainty and improve predictive performance
(Zheng et al., 2022; Chimatapu et al., 2021; Tian et al., 2025; Gaven et al.,
2025).

Both are fundamental components in fuzzy inference systems, used to com-
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pute the interaction and combination of fuzzy sets. In general T2 FLS,
these operations typically involve complex calculations due to the need to
process secondary memberships (Mendel, 2021). Consequently, a signi -
cant body of research has been dedicated to developing methodologies for
simplifying the computational complexity associated with meet and join
operations, thereby enhancing the e ciency and practicality of T2 FLS
applications (Tahayori et al., 2006; Ruiz et al., 2015). Currently, there is
limited research on the impact of di erent meet and join operators on the

performance of T2 FLS.

2.3.2 Fuzzy Decision Making

Among all areas listed above, one of the key roles of a fuzzy-based system
is to make decisions. In (Zadeh, 1973), a fuzzy decision-making frame-
work is proposed to deal with systems that are too complex or ill-de ned
for precise quantitative analysis. It is based on the concepts of fuzzy set
and membership function and involves the use of linguistic variables, fuzzy
conditional statements, and fuzzy algorithms. The main idea is to handle
the fuzziness and complexity in human thinking and behaviour by using a

methodological framework that is tolerant of imprecision and partial truths.

Linguistic Variables : Instead of or in addition to numerical variables,
linguistic variables are used. Their values are sentences in a natural or
arti cial language, representing fuzzy subsets of a universe of discourse.
For example, if \tall", \not tall", \very tall", etc. are values of height,

then height is a linguistic variable. This allows for a more approximate
and human-like way of characterizing complex phenomena, as the values
are less precise than numerical values but can capture the inherent fuzziness

in human thought and language.
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Fuzzy Conditional Statements : Relations between variables are char-
acterized by fuzzy conditional statements of the form "IF A THEN B",
where A (antecedenj and B (consequen}t have fuzzy meaning. For exam-
ple, \IF x is small AND vy is large THEN z is large", with \ x is small",

\'y is large" and \z is large" being labels of fuzzy sets. These statements
are used to describe the dependence between variables in a fuzzy way, and
their meaning can be precisely de ned even when the terms are fuzzy, by

specifying the subsets of the universe of discourse they represent.

Fuzzy Algorithms : Complex relations are characterized by fuzzy algo-
rithms, which are ordered sequences of instructions that may contain fuzzy
assignment and conditional statements. Fuzzy algorithms can provide an
approximate description of various complex phenomena, such as objective
functions, constraints, system performance, and strategies, and are useful
in situations where precision is not required or achievable. An algorithm
in this category could be de nitional (for classi cation tasks), generational
(for speech/text/music generation), relational (for input-output mapping),

or decisional (for decision-making). An algorithm of a particular type can

include algorithms of other types as sub-algorithms.

This decision-making approach provides an alternative to traditional quan-
titative techniques and is applicable in various elds where the animate be-
haviour of system constituents plays a dominant role and the complexity or
ill-de ned nature of the systems makes precise analysis di cult. It allows
for a more exible and realistic way of dealing with humanistic systems
and other complex systems by leveraging the fuzzy nature of human think-
ing and language. In particular, these conceptual categories of algorithms
aid following researchers in developing more concrete and \out of the box"
frameworks, e.g. Mamdani fuzzy system(Mamdani, 1974), adaptive neuro-

fuzzy inference system (Jang, 1993) and Takagi-Sugeno-Kang fuzzy system

34



2.3. FUZZY LOGIC IN OPTIMISATION

(Takagi and Sugeno, 1985).

2.3.3 Mamdani Fuzzy System

The Mamdani Fuzzy Framework(Mamdani, 1974) is an extension and re-
nement of the basic fuzzy decision-making framework proposed in (Zadeh,
1973). While the framework laid the foundation with the concepts of
fuzzy set, membership function, linguistic variables, fuzzy conditional state-
ments, and fuzzy algorithms, the Mamdani framework introduced some

distinct characteristics:

Fuzzy Inference System : The Mamdani framework is known for its
speci ¢ type of fuzzy inference system. It uses a set of fuzzy rules in the
form of "IF-THEN" statements, similar to the fuzzy conditional statements

in the 1973 framework. However, in the Mamdani system, the output of
each rule is a fuzzy set, and the nal output is obtained by aggregating
these fuzzy sets. For example, if we have rules like "IF temperature is
high AND humidity is high THEN fan speed is fast", the output "fan
speed is fast" is a fuzzy set. In the 1973 framework, the focus was more
on the general concept of using fuzzy conditional statements to describe
relations, while the Mamdani framework formalized the process of inference

and aggregation of fuzzy outputs.

Fuzzy Defuzzi cation Method : The Mamdani framework employs a
defuzzi cation method to convert the nal aggregated fuzzy output into
a crisp value. This is an important addition as it allows for a practical
decision to be made. Common defuzzi cation methods in the Mamdani
framework include the centroid method, where the centre of gravity of

the aggregated fuzzy set is calculated to obtain a single numerical value.
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In contrast, the 1973 framework did not emphasize a speci ¢ method for
obtaining a crisp output from the fuzzy algorithms and focused more on the

overall process of handling fuzziness in the system description and analysis.

The work ow of the Mamdani system could be divided into several phases,

from crisp input to crisp output:

1. Fuzzication is performed to make a crisp quantity fuzzy. For each
input, this is usually done by one or more fuzzy membership functions to
generate membership values for linguistic variables.

2. Fuzzy operatorsare executed in consequent, generating a degree of
ful Iment level for each rule.

3. Implication is performed for each rule to progress the degree of ful Iment
of antecedent to consequent.

4. Aggregationis performed to combine the output of each rule into each
output linguistic variable.

5. Defuzzi cation is performed to convert the membership degree of each

output variable into a crisp value.

Takagi and Sugeno (1985) proposed a new framework similar to Mamdani
but having a simpli ed implication and aggregation process. Instead of
having linguistic variables for the output, the newTSK model uses math-
ematical equations to perform implication. Such rules would be in the
form of \IF x; is small and x; is big theny = x; + X, + 2x3". The
aggregation method is xed to the summation of all rules output. In Mam-
dani fuzzy inference systems, Min and Max are the commonly employed
meet and join operators. In contrast, Sugeno fuzzy inference systems often
employ the product operator for meet operation due to its multiplicative
nature (Sugeno, 1985). The Or operator is rarely used as a join opera-

tor in these systems, despite its widespread application in probability the-
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ory (Gillies, 2012). Based on the TSK model, Jang (1993) proposed an
Adaptive-Network-based Fuzzy Inference System (ANFIS). ANFIS inte-
grates both TSK and neuro-network principles, which gives it the potential
to capture the benets of both in a single framework. Readers are re-
ferred to (Ross, 2017) for a more detailed explanation and examples of the

work ow of di erent types of fuzzy systems.

2.3.4 Fuzzy Logic in Optimisation

As a branch of computational intelligence, fuzzy logic has been applied to
optimisation problems from various angles. The angles could be classi ed
into two directions. The rst is to adopt fuzzy logic in modelling opti-
misation problems to better incorporate imprecision of real-life scenario.
The second is to make use of fuzzy logic to develop algorithms that solve
traditionally de ned problems. This section summarises the intersection of

fuzzy logic and optimisation, based on the two categories.

Fuzzy Logic in Modelling Optimisation Problem

Fuzzy logic has become a tool for modelling complex optimisation prob-
lems that involve uncertainty, imprecision, and vagueness. The motivation
for advancing fuzzy logic modelling theory is to better handle the various
sources of uncertainty that arise in real-world applications, such as impre-
cise parameters, fuzzy network topologies, and uncertain demand. On such
fuzzy problems, decision maker can be more explicit in handling risk pref-
erences and tolerance for uncertainty, compared to traditional probability-
based optimisation methods. This is potentially bene cial for long-term

planning and design problems where future conditions are not known pre-
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cisely.

Pardalos et al. (2013) provided extensions to multiple fundamental com-
binatorial optimisation problems by fuzzy logic to handle imprecise pa-
rameters. For example, the 2-dimensional strip packing problem, in which
the goal is to pack a set of rectangular pieces into a rectangular bin while
minimising the height of the packing. The pieces are represented as rigid,
oriented rectangles with xed width and height. The height of each piece
is represented as a fuzzy number rather than a crisp value. This allows the
model to better capture the inherent uncertainty in the piece dimensions.
The objective is then to minimise the total cost, which includes both the
height cost (similar to the classical problem) and a reduction cost that ac-
counts for the loss in satisfaction when the height of a piece is reduced to
t within the bin. Heuristic approaches were recommended to tackle such

a problem, but the measure of solution quality is not mentioned.

Drakulc et al. (2021) provided extension to traditional models of Loca-
tion Set Covering Problem (LSCP), Maximal Covering Location Problem
(MCLP), and Minimal Covering Location Problem (MinCLP) lack han-
dling real-life uncertainties. Fuzzy logic was introduced by incorporating
fuzzy sets for travel times and covering radii. This modelling approach
led to a a solvable classical model. Computational experiments were con-
ducted in Drakulc et al. (2017, 2016); Drakulic et al. (2016), solved by
both CPLEX and the Particle Swarm Optimization (PSO) meta-heuristic.
The author claimed that the feasibility and superiority of the fuzzy mod-
els were validated, while the fuzzy-related consideration introduces higher

complexity, with which an exact solution may be harder to nd.

Lin et al. (2021) tackled the Fuzzy Shortest Path Problem (FSPP) in fuzzy

networks. Classical Shortest Path Problem (SPP) using real arc lengths
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fails to handle real-life uncertainties; thus, the authors employed trape-
zoidal fuzzy numbers. They formulated a fuzzy linear programming model
for FSPP and introduced a genetic algorithm-based solution. In this al-
gorithm, chromosomes encode paths, tness is evaluated via graded mean
ranking, selection uses binary tournament, and a novel crossover method
is devised. Experimental results on a speci ¢ fuzzy graph validated its ef-
cacy in nding fuzzy shortest paths faster than CPLEX, highlighting its
potential in handling real-world network uncertainties like those in wireless

ad hoc networks.

Many studies also applied fuzzy logic to model more realistic problems.
Das et al. (2022) addressed the fuzzy dynamic ship routing and scheduling
issue. It extended classical models by treating costs and risks as triangular
fuzzy numbers to handle real-world uncertainties. Dynamic demand and
supply at ports were modelled within a fuzzy environment. A modi ed ge-
netic algorithm with novel selection, IVF-based crossover, and generation-
dependent mutation was proposed and computationally veri ed to solve

such a problem.

Although their methods delivered a better portrayal of real-world problems,
there are di culties arising from this direction. One reason is the increased
complexity it brings. Incorporating fuzzy logic into problem modelling of-
ten requires more sophisticated mathematical formulations and computa-
tional techniques. This can lead to longer computational times and higher
resource demands, which may be prohibitive for problems with large-scale
data or tight time constraints. For example, solving fuzzy linear program-
ming models can be computationally expensive compared to their crisp
counterparts. Additionally, the interpretation and comparison of solutions
become more challenging due to the fuzzy nature of the results. Decision-

makers may nd it di cult to assess the quality and practical implications
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of a fuzzy solution, especially when compared to the clear-cut answers pro-
vided by traditional models. The need for domain expertise in handling
fuzzy concepts and parameters also poses a barrier, as not all practitioners
are well-versed in fuzzy logic, potentially leading to misinterpretation or

incorrect application of the models.

Fuzzy Logic in Solving Optimisation Problem

In addition to modelling, fuzzy logic has been instrumental in devising al-
gorithms for optimisation. Fuzzy logic-based algorithms often utilise fuzzy
sets and fuzzy rules to guide the search process in the solution space. In
this direction, one approach is to make use of fuzzy logic to enhance the

existing meta-heuristic algorithm.

For instance, in genetic algorithms, fuzzy logic can be incorporated to adap-
tively adjust parameters. This adaptability helps in maintaining a balance
between exploration and exploitation, thereby enhancing the algorithm's
convergence speed and the quality of solutions. Santiago et al. (2021) pre-
sented a novel approach integrating fuzzy logic and genetic algorithms.
It addressed the challenge of optimising multi-objective problems where
traditional methods often struggle with premature convergence and diver-
sity loss. The fuzzy logic empowered the genetic algorithm by adaptively
selecting the most suitable evolutionary operators. Through a fuzzy infer-
ence system, it evaluated factors like the percentage of discarded o spring
and operator utilisation, enabling precise operator choice. This integration
yields signi cant advantages. It achieves faster convergence to high-quality

solutions and maintains population diversity e ectively.

In simulated annealing, fuzzy logic can be used to control the cooling sched-

ule more exibly. By dynamically adjusting the temperature based on the

40



2.3. FUZZY LOGIC IN OPTIMISATION

progress of the search and the characteristics of the problem, the algorithm
can avoid getting trapped in local optima and explore the solution space
more e ectively. Seyfari and Meimandi (2024) focused on Android mal-
ware detection. To address the challenge of e ciently identifying malware
among numerous Android application features, a novel approach combining
simulated annealing and fuzzy logic was proposed. Fuzzy logic enhances the
simulated annealing algorithm by adaptively generating neighbours in the
solution space. In the neighbour generation step, it employs Mamdani-type
fuzzy logic with membership functions for solution state, temperature, and
learning rate. This enables more intelligent exploration of the search space
based on the current solution's quality and temperature, improving the

algorithm's ability to escape local optima and converge to better solutions.

Fuzzy logic has also been combined with swarm intelligence algorithms.
In ant colony optimisation (Kaya et al., 2022), fuzzy rules can be applied
to determine the pheromone update strategy. This enables a more in-
telligent and context-aware allocation of pheromone, leading the ants to
explore more promising paths. Similarly, in particle swarm optimisation,

fuzzy logic can be utilised to adapt the inertia weight and the acceleration
coe cients. This allows the particles to adjust their movement patterns

according to the search stage and the distribution of solutions in the search
space. The application of fuzzy logic in these algorithms not only improves
their performance on traditional optimisation problems but also extends

their applicability to problems with uncertain or imprecise information.

Apart from the above meta-heuristics assisted by fuzzy logic system on the
y, multiple algorithm with mostly stand-alone fuzzy logic adoption has
been proposed recently, solely with expert knowledge to perform decision-

making or searching.
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For example, Cuevas et al. (2020) introduced a novel fuzzy logic-based
optimisation algorithm. It addresses the challenge of complex optimisa-
tion problems where traditional algorithms inspired by natural or social
behaviours might have limitations. Unlike many existing meta-heuristic
algorithms, it constructs a search strategy using a TSK fuzzy inference
system based on human experience. Fuzzy logic intervenes by formulating
rules that consider the distance of candidate solutions to the best solution
and their tness values. It allows easy incorporation of new rules from
human insights, enhancing the search quality. Herrandez et al. (2019) pro-
posed a fuzzy logic classi cation, speci cally for a type of 3-D BPP within
the scenario of a package delivery company. In this scenario, the algorithm

makes classi cation decisions sequentially.

These algorithms focus on solving classical problems with a fuzzy-logic en-
abled approach to embed expert knowledge to guide solution search. Com-
pared to the direction that adopts fuzzy logic in modelling, these methods
work on deterministically-formulated problems, and thus, could be com-
pared to other classical algorithms. However, as the imprecision is not
modelled in the problem formulation, they merely utilise the fuzzy logic's

capability of handling uncertainty and imprecision.

2.4 Summary

The online BPP and its vector generalisation, VBPP, remain pivotal chal-
lenges in combinatorial optimisation, with applications ranging from cloud
resource allocation to industrial logistics. Classical heuristics like FF and
Harmonic-based algorithms achieve competitive ratios between 1.7 and

1.58 by balancing incremental packing with space reservation strategies.
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With the evolution of data-driven prediction, the learning-augmented al-
gorithms, such as PrP, further re ne this balance by integrating predictions

to enhance consistency while preserving robustness. However, restricted by
competitiveness analysis, the learning-augmented framework is di cult to
integrate sophisticated mechanisms. Methods from domains like fuzzy logic
and machine learning are complex to use due to unclear boundaries. The
knowledge has also not been learned in a generalisable form. In the mean-
time, Fuzzy logic, as a pathway to e ectively handle uncertainty, has not

been applied to prediction-based methods in online BPP.

These gaps underscore the necessity for a practicality-oriented framework
that integrates patterns to exploit historical regularities while maintain-
ing tolerance to prediction errors, leverages fuzzy logic to tolerate noisy
inputs and ambiguous constraints through adaptive rule bases, and dy-
namically scales to more complex problems. By bridging the division be-
tween learning-augmented optimisation and fuzzy uncertainty modelling,
this work advances the theoretical and practical frontiers of online decision-
making in combinatorial problems. In other word, the three main research

guestions are:

" Can we learn patterns from prediction to improve performance of

classical online heuristics in online BPP?

" Can fuzzy logic improve the performance of pattern-enabled algo-

rithm?

" Does the integration of pattern learning and fuzzy logic enables algo-

rithms for more complex packing problems (e.g., VBPP)?
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Chapter 3

Adaptive pattern learning for
decision making in online bin

packing

3.1 Introduction

Combinatorial optimisation problems have extensive applications in many
real-world applications. However, most of them are NP-hard and nd-
ing the optimal solutions becomes computationally prohibitive because of
combinatorial explosion. The existing approaches to these problems can
broadly be classi ed into analytical-model-driven methods and data-driven
methods. Analytical-model-driven methods focus on the analytical prop-
erties of the mathematical model but su er from robustness issues due to
uncertainties in the input data. Heuristic algorithms generally compute
feasible solutions with low computational complexity, not optimum. Data-
driven methods often formulate the combinatorial problems as online op-

timisation problems and try to tackle the problem in a generative fashion.
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One of the main drawbacks of these data-driven methods is their inabil-
ity to exploit the core structures and properties of the problem e ciently.
More speci cally, existing data-driven methods primarily focus on the ob-
jectives to be optimised, but neglect various complex inter-dependencies

among the decision variables in the form of constraints.

Many online BPP research studies were done based on the assumption
that there is no knowledge about future items, as introduced in Section
2.1. However, in reality, some information about a future item may be
available, which is a motivation for the emerging LAA, introduced in Sec-
tion 2.2.2. If the distribution of items in an online BPP is known, it is
possible to acquire near-optimal solutions by utilising such knowledge. A
straightforward approach is to compute the distribution of arrival items
using statistics and then apply this distribution to pack forthcoming items.
We have developed a pattern-based heuristic algorithm for BPP based on
the assumption that patterns maintain stability corresponding to the dis-
tribution of items. A pattern denotes a combination of items tting for

packing in a bin. Consider the example in Table 3.1.

BPP fsig= 12/4;5/3;2;2;2;3;3;4;2;4;5;3;2; 2, 2;3; 3; 49

Solutions Best-Fit: f2;4; 39;5; 2; 29;f 2; 3; 3; 29; f 4; 4; 2g;
f5;3;29,f2;3;3g;f 49
opt. solution: f2;5; 3g;f4; 2;4g;f2; 2; 3; 3g
f2;5;39;f4;2;,49;12;2;3; 39

Table 3.1: An example of online BPPs; is item type size andC = 10.

The well-known Best-Fit heuristic, as introduced in section 2.1.3, produces
a sub-optimal solution for the case. It can be seen that the optimal solution

contains patternsf 2;5; 3g, f4; 2; 4g, and f 2; 2; 3; 3g. Suppose an algorithm
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learns the patterns from statistics of the packed items and applies the
information in packing the remaining items. In that case, it will be able to
implement solutions close to the optimal solution if the following sequence

of items satis es the same distribution.

In this chapter, we propose an adaptive pattern-learning algorithm Pat-
ternPack Algorithm (PaP) for online BPP that identi es patterns, dynam-
ically updates the item size distribution, and plans the future packing in

an adaptive manner.

The rest of the chapter is organised as follows. In Section 3.2, we de ne and
evaluate patterns theoretically. In Section 3.3, we propose and explain the
PaP algorithm with pseudocode. In Section 3.4, we evaluate the algorithm

empirically with benchmarks.

3.2 Patterns in bin packing problem

The concept of patterns is used in various domains of computer science:
design patterns in software engineering, traditional pattern recognition in
signal processing, etc. To some extent, these concepts are de ned with an
underlying aim to summarise an abstract combination or paradigm from
various instances or speci ¢ examples, and to be reused for advantageous
performance or e ciency in computation or engineering. In BPP, patterns
could also be applied to accelerate the packing process and improve the

space utilisation of bins. Consider a simple example below (Table 3.2).
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BPP fsig= f0:33;0:32; 0:41; 0:49; 0:59; 0:58g

Solutions Best-Fit: f0:33;0:32g; f 0:41; 0:49g; f 0:59g; f 0:58g
Harmonicz: f0:33,0:32g;f 0:41; 0:49g; f 0:59g; f 0:58g
opt. solution: f0:33,0:58g; f 0:41; 0:49g; f 0:32 0:59%

Table 3.2: A simple example of online BPF; is item type size andC = 1.

In this example, Best-Fit and Harmonig use four bins. The optimal so-
lution uses three bins. As the rst bin in the solution of Harmonig has
reserved space for othel; items, it is not fair in such a small problem
instance. However, based on direct inspection of the item distribution,
it could be found that there are two items in (03;0:4] and two items in
(0:5; 0:6]. If we have performed some bin packing with a similar item size
distribution, we could derive this knowledge from the historical item size
distribution and apply it in packing. An optimal solution may be easier to

nd.

The reservation technique adopted by several Harmonic-based algorithms
also implies an implicit adoption of patterns, as introduced in Section 2.1.3.
However, designs of those algorithms are based on asymmetrical harmonic
partitioning rather than a fully symmetrical design. They also lack a mech-
anism to apply prior knowledge. Our work would be based on a symmetrical

design of partitions and distribution-based patterns.

3.2.1 Discretize items

In our algorithm, similar to the Harmonic-based algorithm, an item is given
a type based on its size. In Harmonic-based algorithms, the partitioning

is either purely based on harmonic partitioning or a mixture of manual

a7
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partitioning and harmonic partitioning. We use symmetrical partitioning
in this study. We divide (0; 1] into N sections, wherd\ is a whole number.
We useS; to represent thei-th section,i = 1;2;:::; Ng, the range of which

is ('x2; -] A direct comparison is given in Table 3.3.

i i in H7 S; in Our Algorithm with N =7

1 31 oF
2 G:3 (%; 2]
3 (73] (%3]
4 (53 (3:71
5 (& (5:3]
6 53 (5:4]
7 (7] (8:1]

Table 3.3: Partitioning comparison:Hy vs. our algorithm.

A pattern is de ned as a collection of types of items to be packed into
a bin. In the classical H algorithm, types of items are packed in a bin,
which means that, forl; items, the pattern isi 1 items in a bin. In
our algorithm, various types of items are combined as a pattern. Patterns
are listed in a large-item- rst manner. P; stands for thei-th pattern. For

example, whenN =17, the rst nine patterns are listed in Table 3.4.
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i Pi

1 fSi79

2 fS1; S169

3 fS2; Si50

4 fS1;S1; Si50
3] f Ss; S149

6 fS1; Sz; S149
7 fS1; 81 S1; S1a0
8 fS4; S130

9 fS1; Ss; S130

Table 3.4: Example patterns with 17 sections.

Compared with Harmonic, our method of partitioning and constructing
patterns could adapt the incoming items distribution, of which the detailed

algorithm will be explained in Section 3.3.

The quality of a pattern could be measured by the wasted space of a bin
after packing. The wasted space could help determine the priority of pat-
terns and other parameter settings for the packing process. The wasted
space could be worst-case wasted space based solely on the pattern itself,
or average-case worsted space relying on both the pattern and the distribu-
tion. To compute the average case, knowledge of the item size distribution
is required. Algorithm 6, which would be explained in Section 3.3, could
be used to compute the average-case wasted space. As the item size dis-
tribution is usually unknown before the whole packing process starts, the

worst-case wasted space is more applicable for analysis.
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For worst-case wasted space, we could easily nd the maximum space
wasted by a bin packed with the pattern. If we divide (Q1] into N sec-
tions, then the range of a section is of width,\,is. If we have a pattern
with n items included, then the range of occupied space of a bin packed
by the pattern would be of width n N—ls The worst-case wasted space
isl n Ni It could be derived that, asn increases, more space would
be wasted; ad\; increases, less space would be wasted. This implies that,
to achieve higher performance, the number of sections needs to be set suf-
ciently high, and patterns containing fewer items could be given higher

priority for matching.

3.2.2 Symmetry in patterns

As the sizes of items are evenly categorised, we nd symmetry in the dis-
tribution of patterns in solutions. We encode patterns as integer arrays,
where each array element corresponds to a section. Thth integer in an
array is the number of items in section in the corresponding pattern. In
this way, we could construct an extended table to include patterns' array
representations (Table 3.5). Note that this array representation of patterns

would also be used in the algorithm.
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[ P; P; Array Representation
fSi70 [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; O; 1]
fS1; S169 [1;0;0;0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 1; O]
fSy; S150 [0;1;0;0;0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 1; 0; O]

fS1;Sy; S150 [2,0;0;0;0;0;0;0;0;0;, 0,0, 0; 0; 1, 0; O]
f Ss; S149 [0;0;1,0;0;0;0;0;0,0,0; 0, 0; 1, 0; 0; O]
fS1; So; S149 [1;,1,0;0;0;0;0;0;0;,0;0; 0; 0; 1, 0; 0; O]
£S1; 5158158149 [3;0;0;0;0;0;0;0;0; 0; 0; 0; 0; 1; 0; 0; 0]
fS4; S130 [0;0;0;1;0;0;0;0; 0,0, 0; 0; 1, 0; 0; 0; O]

© 00 N o 0o A~ w NP

fS1; Ss; S130 [1;0; 1;0;0;0;0;0; 0; 0; 0; 0; 1, 0; 0; 0; O]

Table 3.5: Example patterns with 17 sections and array representation.

Based on this representation, a table (Figure 3.1) could be constructed by
stacking rows of patterns. The number of rows is the number of patterns,
whereas the number of columns is the number of sections. To intuitively
reveal the symmetry, colours are added to some cells in the table: green for

one item in the section and yellow for more than one item in the section.

The patterns with two items are prioritised in pattern selection, since these
patterns do not contain common items (Figure 3.2). Any change in the
number of one pattern does not in uence the other patterns. A simple
vertical symmetry could be found in the chart, where the axis of symmetry

lies betweenSg and Sq.

Alternatively, we have de ned sub-prioritised patterns that contain three
items in each pattern (Figure 3.3). As marked by bold borders, a similar

pattern of vertical symmetry appears in each rectangle.
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Figure 3.1: Colored original pattern distribution. (First 22 patterns; green
cells indicate one item in the section; yellow cells indicate more than one
item in the section).

Figure 3.2: Prioritised patterns (green cells).

It could be hypothesised that symmetry appears regularly in the pattern
discretion. As the number of sections increases, symmetrical patterns
emerge in dierent sets of pattern distribution. It is non-trivial to un-
derstand this feature: when the maximum number of items of a section of
a pattern is restricted to 1, after we set the section counis, all patterns
have a constraint of total size in sections ds. If we have M items, in-
cluding item i, and itemig, and the sizes of the otherN  2) items are
determined, theni + ig would be a constant under this condition. Asa

becomes bigger,g would become smaller.
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Figure 3.3: Sub-prioritised patterns (The green cells in black bold boxes).

This feature gives our algorithm an advantage in handling symmetrical dis-
tributions. For example, Figure 3.4. shows a normal item size distribution.
If we set 10 sections for partitioning, it could be seen that the frequency
in S; ; and Ss,; is the same,i = 1;2;3;4. AsSs ; and Ss,; could form

a pattern, all patterns could be packed by patterns with a guarantee of

wasted space.

Figure 3.4: Example item size distribution (normal distribution with =
0:45 =0:1).

This feature would also enhance the packing of an approximately symmet-
rical distribution. Recall the previous example shown in Table 3.2. If we
have accumulated some knowledge from history items and derive a predic-

tion about the item size distribution, i.e., two S, items, two S5 items, and
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two Sg items, we could easily use the patterhS,; Sgg and f Ss; Ssg to guide

the packing, which could generate an optimal solution.

3.2.3 Stability of patterns in BPP

We deduce that patterns are stable in the solutions of BPP, so that a small
error in the estimation of item distribution will only cause slight deviation

from optimal solutions.

is OPTfxjg= m, where m is the number of bins used in the solution.
Consider another BPP ofn items f x{g in which all items are same a$x;g
except one item. Letm®be the number of bins used in the optimal solution
of fx%. It is straightforward to deduce that m%is at mostm + 1 and at

leastm 1.

Consider a solution tof x°g which uses all the patterns ofOP Tf x;g. We

prove that the bins used in this solution arem®+ 1 in the worst case.

Proof: Let x{ be the item that is di erent from x; and P be the pattern
that contains x; in fx;g. If x?  x;, x?, all other items can be packed into
m bins according to the patterns ofOP Tf x;g. So it is no more thanm®+1

becausan®is at leastm 1.

If x? > x;, the solution requires at mostm + 1 bins, while there must be
m°® m. Assume thatm®< m in this situation, e.g., m°= m 1, this
is conict with OPTfx;g = m sincefx;g can be packed intom 1 bins.

Thus, this solution ism°+ 1 in the worst case.

Using patterns in online BPP depends on an accurate estimation of item

distribution, which should be updated dynamically in the process of bin
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packing.

3.3 A pattern-based algorithm for online BPP

We developed a pattern-based algorithm for online BPP. This algorithm
generates a plan for pattern usage based on previous distributions and packs
the items according to the plan. It includes three sub-algorithms: pattern
generation, pattern update and packing. In this section, this algorithm is

described and evaluated.

Firstly, the data structures are explained. This algorithm keeps recording
the sizes of the incoming items into the distributiondist according to sec-
tions S. S could be seen as equally sized intervals ranging over, 10 Ng
is the number of intervals, which could be used to con gure the algorithm.
For convenience, we us8&, to represent sectionn, n = 1;2;:::;Ns. The
range ofS, is (”N—Sl; le]. An S, item refers to an item with size inS,. dist
is a list of frequencies, with a size dNs. dist,, records the frequency of

historical items with size inS,.

patterns could be generated giverNs and N,, which is the number of
patterns. patterns could be seen as a two-dimensional table, representing
xed combinations of di erently sized items. The size ofpatterns is N,

Ns. patterns; refers to the number ofS, item in the j-th pattern. N,

could be used to con gure the algorithm.

Based onpatterns and dist, the pattern plan plan can be generated and
updated. plan can be seen as a list of integer numberplan, is the remain-
ing quota of patterns,. Values in plan are decremented after patterns are

applied and are updated regularly based on the updated distance. The up-
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date frequency could be prede ned witiN,, which determines the number

of items processed between twolan updates.

Bin waiting queuesw are a two-dimensional array of queues, with an iden-
tical size ofpatterns. w; is a queue opatterns; bins waiting for §; items.
Once a new bin is generated, it is pushed into the corresponding queues.
One bin may be in several queues ®f. Guided by w, every bin follows an
unchangeable pattern until it is fully removed from all queues. Every time
an item is packed into a bin, the corresponding occurrence pops out of the

queue.

In cases where an item cannot be matched to a pattern, Best-Fit serves
as a fallback option. By, is a vector of all bins packed or to be packed by

Best-Fit. It also receives bins packed to patterns on a regular basis.

Secondly, the internal ow of this algorithm is explained. For clarity, we
divide the entire algorithm into four parts: Main (Algorithm 1), Pattern-
Generation (Algorithm 2), UpdatePatternPlan (Algorithm 3) and Pack-
ing (Algorithm 4). As can be seen in theMain function, this algorithm
runs in iterations. One item is packed in one iteration. During the initiali-
sation stage, the patterns are generated, with other variables being empty
or zero. In the rst iteration, items are recorded intodist and processed
by the standard Best-Fit algorithm sinceplan is not yet generated and
initially remains blank. Once the item counter reache$l, it is reset, and
the plan is updated based orist. Then, the algorithm starts packing with
patterns. The dist continues to accumulate, on which thelan is updated

every N, items.
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Algorithm 1 Pattern-Based Online Bin Packing.
function Main (N, Ng)

initialize the distribution recorder dist
patterns  Generate Patterns (Ns, Np)
initialize the pattern plan plan
initialize bin waiting queuesw with size of N, N
initialize a vector of Best-Fit bins By,
itemCounter 0
while has next itemitem do

itemCounter  itemCounter +1

idx  item=Ng

distigx distigx +1

Pack Item (plan,dist,patterns,By,w,item)

if itemCounter = N, then

itemCounter O

plan Update Pattern Plan (dist,patterns)

The PatternGeneration function generates available patterns. It searches
for possible size combinations, prioritising the production of patterns with
large item sizes. It starts with a pattern with single largest item type and
iteratively changes the type of the smallest item one at a time. If the total
size of the current pattern equals the bin capacity, it records the pattern.
If the total size of the current pattern is less than the bin capacity, it
duplicates the current smallest item type. If the total size of the current
pattern exceeds the bin capacity, it downsizes the smallest item type. If the
smallest item type has reached zero, the item is removed from the pattern,
and the second smallest item type is downsized. It stops when the current

pattern is empty or the recorded pattern count has reachel,.
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Algorithm 2 Online Bin Packing Pattern Generation.

function GeneratePatterns  (Ns, Np)

initialize patterns with size of N,
initialize t with size of Ng

np O

while 1,60 & np, <N, do
sum O
forall nin t do
sum sum+ n
if sum = Ns then

forall nin t do

patternn n patternp , +1

N Np+1
it 1

else if sum < N then

if t; 60 then
tiva
i+l

else
[ 1
ti t 1

else
t i 1

return patterns

. Record pattern

. Pattern too small

. Duplicate

. Remove item

. Pattern too large

. Downsize
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Algorithm 3  Online Bin Packing Pattern Update.

function UpdatePatternPlan
initialize dist,
N gist countSamplegdist)
for i =0 to Ng do
distyi  dist;  (Ny=Nagist)
initialize plan
for i =0 to N, do
usable false
valpin 1
for j =0 to Ng do
if patterns; 6 0 then
val  disty =patterns;
if val <valy, then
usable true

valmin val

if usablethen
plan;  valmin

for ] =0 to Ng do

valmin

return plan

(dist,patterns)

. Generate prediction

. Generate pattern plan

patterns;;
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Algorithm 4 Online Bin Packing Pack by Patterns.
function Packltem (plan,dist,patterns,By,,w,item)

m  floor [i=(C=Ny)]
packed false
initialize current bin b asnull
for i =0 to N, do
if patterns;, > 0then
if Queue Size (Wi, ) > 0then
b Pop(Wim)
else if plan; > 0 then
plan; planj 1
b GetNewBin()
for j =0 to Ng do
for h =0 to patterns; do
Push (w; ; b
Pop (Wim)
if b6& null then
Pack In (b;item)
if Not Exist (w;b) then
Push (By; b
packed true

if packed= false then

Best-Fit (By,;item)

The UpdatePatternPlan function is to update the pattern plan based on
dist. It scales down the historical item size distribution dist) to a smaller
distribution ( dist,) with size of Ny, and treats this as a prediction for the

next N, items. Based on the prediction, it generates quotas for each pattern
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so that most items indist, are prescheduled into a pattern. Note that the
generation of quotas is sequential. Former patterns would be processed
rst. When a pattern is scheduled, the included items would be subtracted

from distp,.

The Packltem function is to pack items into bins. After the item is classi ed
into a section, it would rst attempt to use patterns with large item sizes,
i.e. low indices. When attempting to use a pattern, if there is a bin in
the corresponding queue inv, the bin pops. If it cannot nd a bin in the
gueue and there is still quota available irplan for this pattern, a new bin

is created for packing and pushed into the corresponding queues. If neither
of the two options above is available and this pattern does not include the
section of this item, it attempts to use the next pattern. If no pattern is
available, it falls back to use Best-Fit for packing withB,. When the bin

is found fully packed by a pattern, it is added toBy,.

3.4 E ectiveness of patterns in the online

bin packing problem

We have assessed the capability of this algorithm by coding in C++. First,
we compare its performance with Best-Fit on Bin Usage for packing. We
generate 10,000 medium-sized items with four distributions: a uniform dis-
tribution over (3000;6000], a triangular distribution with mode of 4500
over (300Q6000], a uniform distribution over (20006000] and a triangular
distribution with  mode of 4000 over (2006000]. We chose these two fun-
damental types of distribution to simplify the analysis that we performed
later in this section. The algorithm is con gured with Npawern = 100,

Nseciion = 17, and Nsampiing = 250. The result (Figure 3.5) shows that, on
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some distributions where items have medium sizes, our algorithm has an
advantage in bin usage compared to Best-Fit. Note that on other distribu-

tions or with other con gurations, Best-Fit might have lower bin usage.

Figure 3.5: Performance comparison with Best-Fit by bin usage with sam-
pling unit size 250 on uniform and triangular distribution over (G3; 0:6]
and (0:2; 0:6]

We compared the cause of the di erence. Figure 3.6 shows the distribution
of the wasted space of the two algorithms over the uniform distribution
over (0:3;0:6]. It can be seen that in most of the wasted space intervals,
the frequency produced by our algorithm is less than that of Best-Fit. The
overall trend is roughly a decrease in frequency as wasted space grows.
The di erence is that the frequency produced by Best-Fit shows a mild
downward trend of frequency as waste space increases, while our algorithm
gives an increase at rst, followed by a sharp decrease. It means that
although Best-Fit produces more accurate packing (with wasted space less
than 0.05), our algorithm produces much more sub-accurate packing (with
wasted space between 0.05 and 0.1). In this case, our algorithm sacri ces
some possibility of packing tightest bins and largely enhances the possibility

of packing bins with slightly lower tightness.
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Figure 3.6: Performance comparison with Best-Fit by bin wasted space
with sampling unit size 250 on uniform distribution over (@3; 0:6]. Intervals
with frequency less than 20 are ignored.

To further investigate the behavior of our algorithm, we compared the
frequency and wasted space of each type of bin in the result (Figure 3.7).
Recall that, in the algorithm, every bin is given a category at the beginning
of its packing. In this case, there are four categories of bin: bins packed by
pattern 20, bins packed by pattern 31, bins packed by pattern 46 and bins
packed by Best-Fit as a fallback option. It could be seen that ov% of bins
are packed by patterns. The most used patterns are pattern 31 and pattern
46, which produce the least average wasted space. Although Best-Fit are
used as a fallback option, and produces bins with higher wasted space, it

does not cover the advantage brought by patterns in performance.
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Figure 3.7: Comparison between each type of bin within our algorithm
with frequency and wasted space with sampling unit size 250 on uniform
distribution over (0:3; 0:6].

We also compare its performance with Best-Fit on CPU running time.
Under the experiment settings above, on the same environment (Table 3.6),
we repeated tests 100 times and recorded the average CPU time values. The
result is shown in Figure 3.8. Under such circumstances, the CPU time

consumed by our algorithm is 13% to 66% lower than that of Best-Fit.

Table 3.6: Experiment environment.

CPU Intel © Core—i7-12700KF@3.6 GHz
RAM 16 GiB@4800 MHz

oS Windows 11 Professional 21H2

SDK Visual Studio 2019 (v142)

Build Conf. Release x64
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Figure 3.8: Performance comparison by CPU time with sampling unit size
250 on uniform and triangular distribution over (Q3; 0:6] and (0.2; 0:6].

In reality, the distribution of incoming item sizes is predictable based on
historical data, but often changes over time. As our algorithm is based on
distribution learning, distribution deviations would not change the result
severely, especially when the changes are minor. An experiment designed
to simulate this scenario, and to prove the feature of stability, is explained
in Section 3.2.3. On a di erent uniform distribution, some items are ran-
domly selected and reassigned sizes in 19, which simulates changes in the
distribution. With gradually deviated distributions, we record bin usage

and internal pattern usage on di erent types of original distributions.

As can be seen in Figure 3.9, with the number of items with re-assigned
sizes increasing, on di erent original distributions, the bin usage changes
linearly towards the same static value, which is con rmed to be the bin
usage over a uniform size distribution (4L0000]. This shows that a change
to the original distribution would not severely degrade the performance
of our algorithm. Instead, our algorithm would adapt to the change and

deliver a reasonable result.
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Figure 3.9: Bin usage with varied uniform distributions (@;0:5],
(0:2250:525], (025,0:55], (02750:575], (Q3;0:6], (0:3250:625],
(0:35,0:65], (03750:675], and (04;0:7] with sampling unit size 250;
varied size over (Q1] for a random Item.

A minor change to the distribution causes an even more minor change
to the internal pattern usage. Figure 3.10 shows that, with distribution
slightly changed, the internal patterns would be changed as well. However,
the change is minor. Figure 3.11 shows that on distribution (B; 0:6],
the deviation of the overall pattern usage does not exceed the varieties of
items. With deviation of item size increasing from 0 to 20, the pattern
usage uctuates between 6 and 1. It proves that even with a varied item

size, the usage of pattern is mild and stable.
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Figure 3.10: Usage of pattern 19, 30 and 45 with varied uniform distribu-
tions (0:3; 0:6] with sampling unit size 250.

Figure 3.11: Overall pattern usage with varied uniform distributions
(0:3; 0:6] with sampling unit size 250.

3.5 Summary

In this research, we have analyzed the symmetry and stability of patterns in

BPP and developed a pattern-based algorithm with parameterized symmet-
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rical partitioning method for online BPP. The experimental results show
that the proposed algorithm has a better performance for average bin usage,
average wasted space and computational time compared with the heuristics
of Best-Fit and First-Fit. The experiments also reveal that patterns still
maintain stable in online BBP, even when the distribution varies slightly
in an online BPP. This pattern-based method provides a way to handle un-
certainty in online BPP, which has the potential to be extended to general

optimization problems with uncertainty.

The pattern-based algorithm depends on both estimation of item distri-
bution and pattern selection. The proposed algorithm adopts heuristics
to select patterns which do not compute the optimal patterns for a given
distribution of items, despite the computational simplicity. This limitation
may be overcome by using some meta-heuristics or machine learning meth-
ods to search pattern combinations for a given item distribution. A more
advanced method may be e cient for pattern selection by computing near
optimal pattern combinations with moderate computational complexity.
Also, the current queuing logic for bin selection could be more enhanced
to adopt more factors into decision-making. Chapter 4 will give a model
to apply fuzzy logic into the more exible decision making. Chapter 5 will
give an enhanced algorithm with an integrated o ine algorithm to improve

performance.
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Chapter 4

Fuzzy logic for
uncertainty-aware bin selection

for online BPP

4.1 Introduction of fuzzy logic in BPP deci-

sion making

While the PaP algorithm (Chapter 3) demonstrates e ective pattern gen-
eration and planning, its current queuing logic for bin selection leads to
suboptimal space utilisation. The rigid sequential activation of patterns
fails to exploit synergies between historical patterns and real-time packing
contexts fully. This limitation motivates the need for a sophisticated deci-
sion model that dynamically adapts pattern usage based on current packing
states and pattern compatibility, rather than relying on static queues. Our
proposed fuzzy logic approach enhances pattern utilisation through graded

decision-making that considers multiple pattern characteristics simultane-
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ously.

The modelling of uncertainty in computational systems plays a vital role

in enabling autonomous decision-making across diverse elds like nance,
engineering, and Al. Such systems inherently contain uncertainty, which
stems from ambiguous data or the unpredictable dynamics of intricate
component interactions. By e ectively incorporating uncertainty into their
frameworks, these systems can generate decisions that remain robust even
when faced with variability and ambiguity in their operational surround-

ings.

Developed by Zadeh (1965), fuzzy logic o ers a framework for managing
the uncertainty embedded in human reasoning. In contrast to traditional
binary logic, which operates strictly with true/false values, fuzzy logic em-
ploys continuous truth degrees ranging from 0 to 1. This adaptability
proves particularly valuable in scenarios where rigid yes/no reasoning fails

to capture the nuanced complexities of real-world situations.

As established in our literature review (Section 2.3), fuzzy logic has demon-
strated remarkable success in optimisation and decision support systems.
These implementations showcase fuzzy logic's ability to handle complex,
evolving constraints through its inherent exibility-a capability we harness

for advanced bin selection in online packing problems.

Type-2 fuzzy sets further advance the concept by incorporating uncertainty
in the membership functions. This type was proposed by Zadeh (1975) to
address criticisms that type-1 fuzzy sets do not adequately model uncer-
tainty in reasoning. As introduced in Section 2.3, type-2 fuzzy sets utilise
a Footprint of Uncertainty (FOU) to capture the inherent ambiguity in

de ning membership values.
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Intuitively, the choice of these operators will have a signi cant impact on

the process of memberships and uncertainty handling in T2 FLS. For ex-
ample, employing a Product operator often results in lower values for both
upper and lower memberships of the consequent compared to the Min
operator, leading to a more conservative estimation of uncertainty. The
reduction of uncertainty diminishes the e ectiveness of fuzzy reasoning,

especially when the operator is applied repeatedly.

In this chapter, we propose a novel fuzzy decision-making model for bin se-
lection in online bin packing, based on an enhanced Mamdani architecture.
To further study this model, we investigate type-2 fuzzy logic operators and
conduct a comprehensive analysis of di erent operator con gurations. To
further enhance the exibility of fuzzy inference, we introduce weighted-Or
operators for join operations, enabling adjustable contributions from indi-
vidual fuzzy inputs. This approach would potentially allow for nuanced

aggregation mechanisms that prioritise critical packing constraints.

To evaluate the impact of dierent operator choices, we conduct exper-
iments on three practical applications: auto gas consumption prediction,
medical diagnosis classi cation, and out-of-distribution detection. The rea-
sons for the chosen datasets are threefold. Firstly, they cover the major
types of tasks solved by the underlying Mamdani models. Secondly, these
datasets have already been used in fuzzy logic research; therefore, the re-
sults may be valuable to the fuzzy logic community. Thirdly, unlike the on-
line BPP, where the model needed to be called iteratively before bin usage
could be obtained, these tests are more e cient to conduct. The experi-
ments are conducted utilising datasets containing both original and noisy
inputs, allowing for an assessment of the robustness and generalizability of

di erent operator con gurations under varying degrees of uncertainty.
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The results indicate that the choice of meet and join operators signi -
cantly a ects the performance of IT2 FLS, with certain operators yielding
improved accuracy and stability, especially in noisy environments. Fur-
thermore, the ndings underscore the necessity of operator selection and
customisation in optimising fuzzy inference processes. By carefully choos-
ing appropriate meet and join operators, fuzzy logic systems, including
the proposed model tailored for online BPP, can achieve enhanced uncer-
tainty handling, leading to more reliable and interpretable decision-making

frameworks across diverse applications.

The rest of the chapter is organised as follows. Section 4.2 proposes a fuzzy
bin selection mechanism. Section 4.3 introduces weighted-Or operators
for join operations in IT2 FLS. Section 4.4 evaluates the performance of
these operators in three applications: auto gas consumption prediction,
medical diagnosis classi cation, and out-of-distribution detection. Section

4.5 concludes the chapter.

4.2 A fuzzy logic bin selection model

4.2.1 Motivation and the conceptual model

As introduced in the previous sections, the PaP algorithm faces limitations.
For example, we de neNg = 10, then we could have a pattern with 10S;
items. If the item sizes are small, e.qg., all of them are@b, there would be
50% of waste regarding bin capacity. The current prioritisation is queue-
like. To prevent bin over ow in patterns, a strict limit on the number of
items is enforced, ensuring the number of items does not exceed the number

of sections, thereby causing waste. To address this in exibility, this section
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proposes a generalised fuzzy logic model that introduces graded decision-
making, enabling adaptive bin selection under uncertainty. It enables the
use of patterns with an unlimited number of items, as we replace queueing
with selection. This model serves as the conceptual bridge between PaP's
deterministic logic and the Type-1/Type-2 systems detailed in subsequent

sections, as shown in Figure 4.1

Figure 4.1: Algorithm overview. Decider refers the proposed fuzzy logic
bin selection model.

Figure 4.2: Work ow overview of the proposed fuzzy logic bin selection
model. Decider refers to the model.

The model, as shown in Figure 4.1, operates through four interconnected
layers, structured to transform rigid pattern-based decisions into uncertainty-

aware selections incrementally:
1. Input Layer
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The foundation of the system ingests three types of data. The rst type is
from real-time packing, e.g., the item size and a bin's remaining capacity.
The second type is from patterns and plans from PaP's database, e.g., a
pattern's expected waste and the expected structure of the pattern. The
third type is from runtime statistics, e.g., the waste of BF bins. These
inputs could be computed to form unique measures of di erent factors for

decision-making.

2. Fuzzi cation Layer

Crisp inputs (measures) are converted into linguistic variables using mem-
bership functions. For instance, the pattern-deviance metric|quantifying
how far an item's size deviates from expected pattern sections|could be
mapped to Low, Medium, or High categories via triangular functions. Sim-
ilarly, pattern-vitality could be fuzzi ed to re ect the quality of patterns.
Uncertainty could be explicitly modelled through shaded intervals around
input values, acknowledging the imprecision in sensor data, if type-2 mem-

bership functions are de ned.

3. Inference Layer

Three adaptive rule families process the fuzzi ed inputs. This is a exible

layer where all the logic in decision-making is de ned.

4. Decision Layer The aggregated fuzzy outputs are defuzzi ed into ac-
tionable bin priorities ( tness levels). For type-1 realisations, this involves
centroid-based conversion to crisp scores, preserving interpretability. For
type-2 realisations, this could be done with an additional step of type-
reduction. Then the algorithm is able to select the bin with best tness
for packing, which is conceptually a best-t with a sophisticated option-

ranking mechanism.
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This structured yet exible architecture ensures integration of uncertainty
handling into PaP's core logic, which could be potentially applied to online

combinatorial problems, where decisions are made sequentially.

4.2.2 A type-1 realisation

A type-1 realisation is proposed based on the generic model above. This is

a trivial structure but has re ected vital aspects of the model.

Fuzzy De nition

Variable

Waste Af- C i21,i, the wasted space
ter Pack- after the item is packed into

ing the bin b.

Di . After i21,)i X py:si), the dierence

Packing betweenband the optimal bins
from which p, is extracted, af-

ter packed.
Remaining Remaining quota of pp.
Quota
Expected The average waste of the ex-
Waste tracted optimal bins of this
pattern bin.

Table 4.1: Input Fuzzy Variables, whereX , s, is a collection of average
sizes of items of patternp, and sections; from the optimal solution, I is
the collection of all items inb after the current item is packed,py is the
pattern followed by b, s; is the section index of this item,bis the current
bin under fuzzy assessment.

Fitness levels are the defuzzi ed output of a fuzzy classi cation process.
This process classi es each bin into two categories-'low' tness and "high'
tness. It is based on four input variables (Table 4.1), of which the mem-
bership functions are manually tuned (Figure 4.3). The datasets used in
tuning is di erent to the ones used in this chapter for evaluation. This pro-

cess involves three parallel sets of rules, aiming to classify three categories
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Figure 4.3. Membership Functions of Fuzzy Variables.
of bins: BestFit bins, existing pattern bins, and new pattern bins.

Table 4.2 shows the rule sets for the fuzzy classi cation process. For Best-
Fit bins, the rules are made very similar to the original BF algorithms.
The bin with the lowest remaining capacity would gain the highest tness
level. For existing pattern bins, the goal is to maximize similarity to the
optimal solution. We only consider \di . after packing". For new pattern
bins, three factors should be considered. The remaining quota is a general
pattern-wise guidance. The \di. after packing" ensures the item could
form a similar bin to optimal. The expected waste evaluates the quality of
the pattern: if a pattern leads to a higher waste than BF, it should not be

used.

The tness level would be defuzzi ed by the Centroid method:

R
;=P 292, 4.1)
€

where € is the fuzzy set,z is a member of the fuzzy set, ¢(z) is the
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(a)
Waste After Packing

L H (c)
H L Waste After Packing
L H
Di . Di .

(b) L H L H
Di. After Packing Remain. L M L L L
L H Quota H H M L L
H L

Table 4.2: Fuzzy rule matrix (fuzzy associative matrix) for evaluating dif-
ferent type of bins. (a) is the rules for BestFit bins, with 1 input. (b) is

the rules for existing pattern bins, with 1 input. (c) is the rules for new
pattern bins, with 3 inputs. L, M, and H represent low, medium, and high,
respectively.

membership degree df.

This realisation could be modi ed or extended with Type-2 Fuzzy Set or

di erent rules to adapt di erent needs.

4.3 Weighted-Or: a new method to handle

uncertainty in T2 FLS

4.3.1 Fuzzy sets

A type-1 fuzzy setA is de ned by a membership function 5 : X ! [0; 1].
Type-2 fuzzy sets generalize type-1 fuzzy sets by having fuzzy membership
functions themselves. The membership function of a general type-2 fuzzy
set A is three-dimensional, where the third dimension is the value of the
membership function at each point on its two-dimensional domain. This

means that each element in the universe of discourse does not have a single
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membership value but a fuzzy set of possible membership values.

Speci cally, an Interval Type-2 Fuzzy Set (IT2 FS)A is a fuzzy set whose

membership function ranges over fuzzy subsets of the interval [0, 1].

A=f((xu); x(xu))j8x 2 X;8u2 I« [0;1]g (4.2)

Inan IT2 FS , uncertainty is typically represented through the FOU, which
is the area bounded by the upper and lower membership functionsand .
The uncertainty is easily computed as the di erence between the upper and
lower membership functions at each point in the domain. These are also
many other ways to de ne the term “uncertainty', for example, entropy-

based measures proposed by Zeng and Li (2006).

4.3.2 Comparison of meet and join operators

In fuzzy logic systems, meet and join operators are employed in computing
the combination and interaction of fuzzy sets. These operators are essential
for the aggregation of membership functions in the inference process. The
min and product operators are commonly used as meet operators, while

Max and Or are join operators.

When processing the rules like “If A and B, then C', a meet operator is
needed to determine the membership of output C based on the memberships
of fuzzy input A and B. For IT2 FLS, a meet operator employs to the upper

and lower memberships of A and B individually.

Consider two IT2 linguistic variablesA and B represented by (»; ,) and

(Ts;_g) respectively. The membership ofC is determined by the meet
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operation of A and B.
\

C=A B (4.3)
Let (Trmin: ., ) @and (_pmd;_prod) denote the upper and lower memberships

of C via Min and Product operators respectively.

_min = min (_A;_B)_min = min (_A;_B)_prod = _A B _prod = _A_B (4-4)

In processing the rules like “If A or B, then D', a join operator is needed to
compute the membership of output D given the memberships of inputs A
and B.

D=A B (4.5)

Let (T ax ;_max) and (_Or;_or) denote the upper and lower memberships of

D computed by Max and Or operators respectively.

o= At B A B (4.7)
o - At 8 _as (4.8)

The Product operator results in lower values of both upper and lower mem-
berships than the Min operator in the meet operation of IT2 fuzzy sets in
most situations. It is easy to verify that —;,  “q @and prod”

There will be ~ i, = Tpoa @Nd 5 = Tae ONly whenmax(Tx;7g) = 1 or

min(_A;_B) =0.

The Or operator results in higher values of both upper and lower mem-
berships than the Max operator in the join operation of IT2 fuzzy sets

in most situations. It is easy to verify that—,, ", and .
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Figure 4.4: Principle of meet and join operators.

Figure 4.5: Principle of Min and Max operators.

There willbe = and = onlywhenmax(~y;7g)=1o0r

min(_A;_B) =0.

In the case thatmax("a; g) < 1 andmin(_,; ) > 0O, using dierent
meet and join operators results in varying upper and lower memberships
of the consequent. The mathematical principle of meet and join operators
can be illustrated by Figure 4.4, where the area with thick blue border
denotesP(HjAS B), the join of P(HjA) and P(H|B), and the area with
thick red border denotesP(HjAT B), the meet of P(HjA) and P(H|B).
Speci cally, Min and Max operators are appropriate when one set is con-
tained in another set, as shown in Figure 4.5. Theoretically, when there
is a conict between the fuzzy inputs, the Product and Or operators are
appropriate, while the Min and Max are more suitable for meet and join

operation when there is no conict.

80



4.4. EFFECTIVENESS OF THE METHOD IN HANDLING
UNCERTAINTY

The Product and Or operators may present challenges when applied re-
peatedly to multiple inputs. Speci cally, repeated applying the Product
operator causes both the upper and lower memberships of the output to
converge toward zero, while repeated applying the Or operator causes the
upper and lower memberships to be approaching one. This minimizes un-
certainty at the cost of losing meaningful gradations in memberships. The
progressive narrowing of uncertainty reduces the e ectiveness of fuzzy rea-

soning, potentially a ecting the robustness of decision-making processes.

The choice of meet and join operators may have a signi cant in uence
on the performance of fuzzy reasoning. In the next section, we compare
the performance of meet and join operators in three applications, auto
MPG prediction, medical diagnosis classi cation, and out-of-distribution

detection.

4.4 E ectiveness of the method in handling

uncertainty

The weighted-Or method (Wor) has been evaluated with several regression
and classi cation problems, including Gas MPG Prediction, several medical

problems, and Out-Of-Distribution Detection problem.

4.4.1 Auto MPG prediction

To achieve accurate predictions, it is essential to select the most rele-
vant features while eliminating irrelevant and redundant ones, especially
in dataset with noise and uncertainty. The meet and join operators are

evaluated through experiments using the Auto MPG regression dataset
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(Quinlan, 1993).

Experiment Setup

Dataset. We utilised the Auto MPG dataset from the UCI Machine Learn-

ing Repository. This dataset comprises 398 instances, each representing a
car from the 1970s and 1980s, with the aim of predicting the miles per
gallon (MPG) performance. This dataset has been used in various pa-
pers on Fuzzy Logic and machine learning Tsai et al. (2023); Rahman and

Asadujjaman (2021).

The dataset includes the following attributes:

mpg: Continuous variable representing the fuel e ciency in miles

per gallon (the target variable).

cylinders : Discrete variable indicating the number of cylinders in

the car.

displacement : Continuous variable indicating the engine displace-

ment in cubic inches.

horsepower : Continuous variable representing the engine horse-

power.
weight ;. Continuous variable denoting the vehicle weight in pounds.

acceleration : Continuous variable indicating the time taken to ac-

celerate from 0 to 60 mph.

model year : Discrete variable representing the model year of the

car.
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" origin : Categorical variable indicating the origin of the car (1: USA,

2: Europe, 3: Japan).

" car name : String variable containing the car's name.

As the original dataset includes multiple instances with missing values in
the housepower attribute, we directly adopt the version provided in MAT-
LAB. This version has already been preprocessed so that those instances
are removed to assure data suitability. The input data were cylinder, dis-
placement, horsepower, weight, acceleration and model year. The output
data was mpg. The ‘origin' and the 'car name' attributes were excluded
due to encoding complexities, high cardinality and lack of relevance for
predicting MPG. The dataset was divided into a training set (70%) and a

testing set (30%) in the experiment.

Frameworks. We conduct a comparative analysis of Max, Min, Prod-
uct, and weighted-Or operators within the framework of a Mamdani 1T2
FLS. For simplicity, the weights for the weighted-Or operator are assigned
equally to all inputs. The implication operator is de ned as equivalent
to the AND operator, mapping the crisp antecedent values to the conse-
guent. For the consequent processing stage, the Karnik-Mendel algorithm
is employed for type reduction, while the centroid method is utilized for
defuzzi cation. The aggregation operator is responsible for combining the
ful llment levels of multiple rules, where Product and Min are selected for

AND operations, and Max and weighted-Or are applied for aggregation.

Methodology

The key methodologies we adopt during the process include K-Fold Cross-

Validation with Early Stopping and Search Algorithms.
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K-Fold Cross-Validation with Early Stopping. To ensure robust
evaluation of the fuzzy logic frameworks, we employ K-fold cross-validation
and early stopping on the training data. The motivation is based on the
diversity of convergence rate among the frameworks to evaluate and to

mitigate over-training a model.
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Figure 4.6: The RMSEs of models with di erent training parameters and operator combinations. Prod refers to Product operato
'WorN ' refers to weighted-Or operator with weightN 2 f 0:1;0:3;0:5;0:7;0:9g. VT stands for validation tolerance. N,y stands for
validation window size. A lower RMSE indicates better performance.
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K-fold cross-validation is a resampling technique used to assess the per-
formance of a model by partitioning the training dataset intoK equally
sized folds. During the validation process, the model is trained dd 1
folds and tested on the remaining fold. This process is repeat&d times,
with each fold serving as the test set exactly once. For our experiments,
we setK to 4, allowing each instance of the training data to be used for
both training and validation, thereby providing a balanced evaluation of

the frameworks' performance.

In addition to K-fold cross-validation, we implemented Early Stopping to
optimize training and prevent over- tting. Early stopping involves mon-
itoring the model's performance on a separate validation set and halting
training when performance no longer improves. Speci cally, we used a Val-
idation Tolerance with a Validation Window Size. Validation Tolerance is
the maximum allowable increase in validation cost, specied as a scalar
value in the range [0,1]. Typically, a higher validation tolerance value pro-
duces a longer training-validation iteration, with an increased possibility of
data over- tting. The increase in validation cost, ¢, is the di erence be-
tween the average validation cost and the minimum validation cosCin, ,
for the current training-validation iteration. The average validation cost is

a moving average with a window size speci ed by Validation Window Size
(Nw). The training stops the current training-validation iteration when
the ratio between  and C,,, exceeds the validation Tolerance. Gener-
ally speaking, ¢ and Ny, determine the tolerance during training. Higher
values for these parameters allow a model more training opportunities, even
if there is an increase in validation errors while the training error decreases,
and thus, higher risks of over- tting. On the contrary, lower values may

lead to insu cient training and under- tting.

By incorporating both K-fold cross-validation and early stopping, our ap-
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proach provides a comprehensive evaluation framework that is both rigor-
ous and e cient, ensuring reliable performance assessment across di erent

fuzzy logic frameworks.

Training Process and Search Algorithms. The training process was
split into two stages-learning and tuning. During the learning stage, search-
ing was performed with an aim to generate rules with default input and out-
put membership functions. During the tuning stage, the aim was changed
to tuning the rules and membership function parameters. The search al-
gorithms adopted for the training were genetic algorithm for learning, and

pattern search for tuning.

The con guration for the training includes two aspects: the algorithm, and
the early stopping criteria. For genetic algorithm and pattern search algo-
rithm, the maximum number of generation and iteration is set to 30. In
most cases, the search process would stop earlier. For the pattern search
algorithm, the complete poll is used improve search results. The objec-
tive function is the Root Mean Square Error (RMSE) of the model on the
training instances. TheK value in cross-validation is set as 4. Other con-
gurations remain default in MATLAB Global Optimisation Toolbox. In

the experiments, di erent con guration of early stopping criteria is tested:

c 2 [0;0:1] and Ny 2 [1;4].

Results

Experiments were conducted based on the settings above to investigate the
performance di erence among di erent operator combinations, including
the weighted-Or operator, under various early stopping con gurations in
training. The original inputs and various level of erroneous inputs are

tested.
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Figure 4.7: The average and standard deviation of RMSE of FLSs
with Prod+Max (PM), Prod+Or (PO), Prod+Wor with weight of 0.7
(PW(0.7)), Min+Or (MO), and Min+Wor with weight of 0.3 (MW(0.3)),
under various Validation Tolerance ¥ T 2 [0; 0:1]) and Validation Window
Size Nw 2 [1;4]), under testing instances with noisy input. The baseline
is the result of Min+Max (MM). Each data point is calculated by the RM-
SEs of all trained models of a framework under an input with a certain
noise level. The noise is added with Gaussian distribution across various
standard deviations (). A lower average and standard deviation indicates
better performance.
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Original Input.  We rstly tested the trained models with original input
in the test dataset. The aim is to compare their performances under nearly

ideal condition.

As could be seen in Figure 4.6, under most of the con gurations, framework
with min operator and weighted-Or operator with weight of @3 (MW(0:3))
achieves best performance among all settings. When the validation tol-
erance { T) is minimal, training tends to stop prematurely, resulting in
higher errors when evaluating with the test dataset. As the tolerance in-
creases, the error decreases because early stopping becomes less sensitive
to be triggered, allowing models to receive more training. For some mod-
els, the error turns stationary whenV T passes a certain point. As for
validation window size (Ny), the sensitivity is not even among the tested
settings, which implies that some combinations, such as Min and Or, su er

more uctuations during convergence.

Considering two classes of both weighted and unweighted models, the com-
bination of 'Min+Or(MO)' and 'Min+WorN(MW(N))' has generally bet-

ter performance than 'Prod+Or(PO)' and 'Prod+WorN(PW(N))'. In both
classes, the model with a weight of:8 has the highest performance and is

less sensitive to the training parameters.

Erroneous Input.  We introduced di erent levels of errors (noise) into
the test input to observe the model performances under more realistic set-
tings. The models with better generalizability and robustness would have
better performance and a lower degree of accuracy degradation. Figure
4.7 provides a detailed statistical analysis of the results. As observed,
when additional noise is introduced, the performance|measured by aver-
age RMSE|of all model types tends to degrade. Since the range of data

changes quickly as the noise level increases, we adopt the performance of
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MM as the baseline (0). Under low error conditions (< 1), the MW(0.3)
consistently outperforms the other frameworks. As the error magnitude
increases ( 2 [1;4]), the performance of the MW(0.3) lags behind most of

the models, while the PW(0.7) model takes the lead.

Naturally, the training con gurations we tested include the possibility of
over tting and under tting, which practitioners encounter in real-world
scenarios. Comparing sensitivity to training con gurations is also mean-
ingful. Notably, the PW(0:7) model demonstrates the lowest sensitivity to
training con guration, as evidenced by the standard deviation of RMSE
across di erent levels of input noise. Under low error level, its standard
deviation is similar to the PM model. However, when the error level in-
creases, it outperforms all other models. The MW(B) model also hits
the second best position, as the noise level gets high. This suggests that
the models with weighted-Or operators could be easier to train than the

standard ones, especially when the input is erroneous.

4.4.2 Medical Classi cation

Dataset Name N(A) N(I) Name Ref.

Breast Cancer Wisconsin 10 699 BCW (Wolberg and

(Original) Mangasarian,
1990)

Breast Cancer Wisconsin 31 569 BCWD (Street et al.,

(Diagnosis) 1993)

Mammographic Mass Data 6 830 Mamm (Elter et al.,
2007)

Haberman's Survival Data 4 306 Habermann (Haberman,
1976)

Table 4.3: Dataset speci cations for classi cation evaluation tasksN (A)
for number of attributes, N (1) for number of instances.
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Experiment Setup and Methodology

We also tested the performance of di erent combinations of operators in
medical diagnosis settings. We select Mamm, BCD, BCDW, Habermann
datasets from the medical domain. Table 4.3 is a summary of the dataset

we adopted.

As the natural di erence in classi cation tasks, the evaluation method in
testing is via accuracy, instead of RMSE. The cost function in training is
still RMSE for higher accuracy. Also, as we observed generally quicker
convergence, the range we adopted f& T is [C;0:02]. Other than these,
the experiment setting is identical to the previously described Auto MPG

prediction.

Results

We compare the performances of the operator combinations with original

input data and erroneous input data.

Original Input  Figure 4.8 shows the accuracy of di erent models under
various training parameters, on the Mamm dataset. MO/MW(N) mod-
els exhibit quicker and smoother convergence, compared to MM, PM and
PO/PW(N) models, as its performance is noticeably higher when validation
tolerance is small. When the tolerance is su ciently large, it also shows
highest accuracy among all the models. It could be seen that the perfor-
mance of the weighted operators is partly dependent on the unweighted
original, as PO/PW(N) combinations are similarly poor on this dataset,
outperformed by all MO/MW(N) combinations. Remarkably, accuracy of
MW(0:7) excels among all other models, almost constantly better than

traditional MM. Also, some models show low sensitivity to the training
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parameter changes, which could be due to the smooth or fast convergence
during the training. For example, the accuracy of MM, MO and MW is

relatively stable as the early-stopping tolerance increases.
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Figure 4.8: The accuracy of models with di erent training parameters and operator combinations on Mamm dataset. Prod, Or, Mi
and Max refer to Product, Or, Min and Max operators. "'WolN ' refer to weighted-Or operator with weightN 2 f 0:1; 0:3; 0:5; 0:7; 0:99.
V T stands for validation tolerance.Ny, stands for validation window size. A higher accuracy indicates better performance.
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For BCW, BCWD and Habermann dataset, we could also nd the dier-
ence in performances. In general, there is no combination that dominates
all the datasets, but the weighted-Or operator shows strength in average
accuracy. Figure 4.9 shows average accuracy and standard deviation of
the tests among all operator combinations. As the range of statistics for
each dataset is diverse, we adopt the result of MM model as the baseline.
From the results, we could nd that the performance of weighted operators
is partly tied to it original unweighted ones. For the BCW dataset, the
accuracy of all models are similar but PW(0.1) is slightly higher than oth-
ers. For example, for the BCWD dataset, the MO/MW(N) models exhibits
higher accuracy, all above 2.5%, compared to the PO/PW(N), all under
1.3%. We could also nd similar results regarding standard deviation. For
example, for the BCWD dataset, the PO/PW(N) models have signi cantly
higher deviation compared to the MO/MW(N) models. Additionally, we
also discovered some models having very low deviation for a dataset, such

as MO and MW(0.3) with Mamm, as we revealed earlier.

94



G6

Figure 4.9: The average and standard deviation of accuracy of FLSs, over original inputs, under various Validation Tolerar¢d 2
[0; 0:1]), Validation Window Size (Nw 2 [1;4]), and original testing instances.w 2 f 0:1; 0:3; 0:5; 0:7; 0:9g. A higher average accuracy
and a lower standard deviation indicate better performance.
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Erroneous Input  Figure 4.10 shows the average accuracy and standard
deviation of the models under various noise level. Under noisy conditions,
a noticeable decline in accuracy was observed across most FLS con gura-
tions compared to the original input scenario. However, certain Wor com-
binations, particularly PW(0:3), PW(0:5), and MW(0:7), demonstrated
resilience and maintained relatively higher accuracy. For example, in the
BCWD dataset, the combination PW(03) maintained a 25% improve-
ment over the MM baseline, even under noisy conditions. MW(D) in the
Mamm dataset outperformed other combinations, achieving a 4% accuracy

improvement relative to MM.

These results suggest that the exibility provided by the weighted-or oper-
ators allows for better handling of noisy inputs, likely due to the capability

to balance between conservative and aggressive membership aggregation.
In contrast, Or (PO, MO) and Prod+Max (PM) combinations generally
performed less favorably in terms of accuracy, indicating that they are less

robust to noise.
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Figure 4.10: The average and standard deviation of accuracy of FLSs, over noisy inputs, under various Validation Tolerant& @
[0; 0:1]), Validation Window Size (Nw 2 [1;4]). A higher average accuracy and a lower standard deviation indicate better performanc
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In terms of performance stability over di erent training con gurations, the
standard deviation of the results shows a clear trend that Product-based
models are relatively more sensitive. The PM, PO, and PW(N), the aver-
age standard deviation across datasets are all higher than the baseline MM
model, while the PO and PW(N) models show lower deviation, especially
the MW(0:1) models achieve the lowest average among all datasets, sec-
onded by the MO model. It could also be seen that among all PO/PW(N)
models, the weighted ones also have lower deviation compared to the un-

weighted.

The introduction of weighted-Or operators enhances IT2 FLS models' per-
formance, particularly in the presence of noise. The data suggests that
these weighted combinations are easier to train and yield better generaliz-

ability in adverse conditions.

There is no single model that outperforms all others across every dataset.
However, the weighted-Or operators consistently demonstrate superior av-
erage accuracy in various scenarios. This variability underscores the im-

portance of tailoring model selection to speci c application contexts.

The ndings encourage further exploration into the selection of meet and
join operators in general type-2 fuzzy reasoning systems, particularly weighted-
Or operators in applications where input noise is a signi cant concern. Fu-
ture work could investigate the optimal selection of meet and join operators

for applications such as intelligent control and medical diagnosis.

The study illustrates that while most FLS con gurations experience a de-
cline in accuracy with increased noise levels, certain weighted-Or operator
combinations such as PW(B), PW(0:5), and MW(0:7) show considerable
resilience. For example, in the BCWD dataset, PW(3) achieved a 5%

accuracy improvement over the traditional MM model, even under noisy
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conditions, indicating its robustness in handling erroneous inputs.

The results highlight that Product-based models (PM, PO, PW(N) are
more sensitive to changes in training con gurations than Min-based mod-
els (MM, MO, MW(N)). Speci cally, the average standard deviation of
accuracy for Product-based models was higher across datasets compared
to the Min-based models, suggesting a need for careful parameter selection

in training.

4.4.3 Uncertainty measurement for out-of-distribution

problem

The Out-Of-Distribution (OOD) problem occurs when test data comes
from a di erent distribution than the training data. In machine-learning,
models are trained on a speci ¢ data distribution. When presented with
OOD data, such as a classi er trained on regional animal images facing
images from a di erent area, or a housing-price regression model applied

to a di erent city, performance can decline signi cantly.

In the evaluation of the Wor method for handling uncertainty, the OOD
problem is crucial. Since the method aims for broad-spectrum performance
in regression and classi cation, dealing with OOD data is essential for its
robustness. The assumptions made during training may not hold for OOD
data, and accurate predictions or classi cations become challenging. Lin
et al. (2023) evaluated multiple uncertainty measures in a Type-1 fuzzy

logic framework for OOD problem.

To measure the uncertainty in the OOD problem, statistical measures like
the KL divergence or Wasserstein distance can quantify distribution dif-

ferences. Analysing model con dence scores and prediction errors on test
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data can also indicate OOD cases. Anomaly-detection methods can ag
data points deviating from the training distribution. In subsequent exper-
iments, we'll assess how the Wor method's operator combinations in the
IT2 FLS framework handle OOD data, aiming to see if Wor operator can

enhance the model's ability to deal with distribution shifts.

Experiment Process

We generally followed the experiment settings of (Lin et al., 2023), where

multiple uncertainty measures are compared.

First, a UNet model, a widely-used semantic segmentation model for 2D
medical images, is trained on the Skin cancer (SK) Dataset(Tschandl et al.,

2018; Codella et al., 2018, 2019).

When evaluating the methods, the out-of-distribution (OOD) nuclei dataset
(https://kaggle.com/data-science-bowl-2018) was incorporated into the in-
distribution SK test set to create a new test dataset. Subsequently, all
the methods were implemented to produce an uncertainty value for every
single test image. In the case where the segmentation uncertainty value of
an image is lower than a prede ned threshold, it is categorized as an in-
distribution image (assigned a positive label), whereas if it is higher than
the threshold, it is labeled as an OOD image (assigned a negative label).
The better the algorithms perform is re ected by a higher classi cation
accuracy when di erentiating between in-distribution and OOD images.
The threshold for the uncertainty value is established by setting the true
positive rate (TPR) at an appropriate level (which depends on the spe-
ci ¢ application) through the use of the in-distribution test set. The area
under the receiver operating characteristic curve (AUROC), classi cation

accuracy, and false positive rate (FPR) serve as the evaluation metrics for
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comparing di erent methods.

For each evaluation, test-time augmentation (TTA) and Monte Carlo dropout
(MCdropout) are applied to the test image. TTA creates multiple varia-
tions of the test image using operations like rotation, ipping, and scaling,
while MCdropout keeps the dropout layers active during testing. These
generate multiple predicted images to capture data and model uncertain-

ties.

Next, a grouped distance map is generated. Pixels in the segmented target
region are divided into groups based on their distance to the object bound-
ary because pixels with the same distance to the boundary have similar
uncertainties, and boundary-adjacent pixels typically have higher uncer-

tainties.

After that, interval fuzzy sets are used to describe the uncertainty. An inter-
val map is created from the multiple predicted images, and then region-wise
interval con dence is obtained by aggregating pixel-wise intervals within
each group using the arithmetic mean. Finally, the uncertainties of the

interval fuzzy set are calculated via various type-2 uncertainty measures.

Three existing fuzzy interval type-2 uncertainty measures are used in com-
parison. The rst one is the most common measure that simply treats the
di erence between the upper membership and lower membership as the
uncertainty, as introduced in (Lin et al., 2023). So higher FOU leads to
higher uncertainty.

1 X h

I
WA= o TR0 g (00 (4.9)
k=1

The second and third are proposed by Zeng and Li (2006), based on the
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idea that the closer membership is to:8, the higher entropy/uncertainty.

1 M
L(A)=1 o  T&akd*+ 5 1 (4.10)
k=1
v
F 1 X h P
Us(A) =1 M AXDF () 1 (4.11)

k=1

The Wor operator is a multi-variant operator with one output. We adopted
the following procedure for uncertainty calculation. Similar to equation 4.9,
the di erence of aggregated upper bound and aggregated lower bound is

used to represent uncertainty.

Uwor (A) = Worlw; 7 z(x)]  Worl[w; (x)] (4.12)

The Wor operator could be con gured with dierent weights. We at-
tempted di erent weight con gurations. The rst one is to equally assign
each distance group a weight of 1. The second one is only assign weights of
one to the outer 3 groups. The last one is tuned automatically by variable
neighbourhood search on the test instance. Due to the tunability of the
Wor operator, we split the dataset into 30:70 for tuning and testing. The

weight is tuned with standard variable neighbourhood search algorithm.

Experiment results

We calculated the receiver operating characteristic (ROC) curve of di erent
uncertainty measures. As shown in Figure 4.11, among the existing meth-
ods, the FOU method has highest area under the ROC curve, followed by

two Entropy functions with similar area. For the Wor method, di erent
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Figure 4.11: Receiver Operating Characteristic of Di erent Uncertainty
Measures, on the Testing Dataset.

weight con guration gives signi cantly di erent result. The rst con g-
uration, in which all weights are equal to 1, has the worst performance
among all other curves. The second con guration, in which only the outer
3 groups are considered, has better performance, but still behind the exist-
ing measures. The third con guration, tuned with a separate training set,

obtained best performance among all measures.

4.5 Summary

This chapter has established two critical advancements in fuzzy logic for
decision support systems. First, the proposed fuzzy bin selection model ad-
dresses PatternPack’s rigidity by replacing its queue-based logic with adap-
tive pattern activation. By evaluating pattern-deviance, pattern-vitality,

and bin capacity through fuzzy rule bases, the model enables nuanced de-

103



4.5. SUMMARY

cisions that balance historical patterns with real-time packing states. Sec-
ond, the introduction of weighted-Or (Wor) operators enhances IT2 FLS
by enabling context-aware aggregation of uncertain inputs. Experimental
validation across regression, classi cation, and uncertainty detection tasks
demonstrates that operator selection signi cantly impacts system robust-
ness, with Wor operators outperforming conventional choices (Min/Max)

in noisy environments when tuned appropriately.

The Wor operator's advantage in static Type-2 applications underscores
its future potential for online BPP. However, the current weight and FOU
de nition are massive, and thus, require o ine tuning, posing challenges
with the dynamic nature of online BPP, where item distributions evolve
unpredictably. The type-1 prototype (Section 4.2) follows the model's core
architecture but adopts crisp uncertainty thresholds for real-time operation.
It could be easier to tune manually. This pragmatic realisation ensures
immediate applicability to online BPP, though future work could integrate
Type-2 components (e.g., pre-trained Wor operators), for rule inference or

uncertainty quanti cation.

Chapter 5 builds on this foundation, demonstrating how the type-1 model
synergises with PatternPack's pattern database to achieve state-of-the-art
performance in dynamic environments while maintaining ease in implemen-

tation and tuning.
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Chapter 5

A fuzzy-pattern decision
framework for online classical
and vector bin packing

problem

5.1 Introduction

Around the publication of PaP, another prediction-based online BPP al-
gorithm was proposed. Both of them also utilise a practically stable Any-
Fit heuristic as a fallback option for unpredicted items. As explained in
Section 2.2.2, Angelopoulos et al. (2021, 2022) developed PrP catering
discrete item sizes. It generates an o ine solution based on a prediction
and then packs online items into placeholders within that solution. Al-
though it performs better than classical heuristics under xed distribution
and foreknown prediction, there is a lack of promising experimental re-

sults of the robustness under varying distribution and adaptive prediction.
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The authors admit the need for a more sophisticated mechanism for better

adaptability.

The PaP, introduced in Chapter 3, adopts a trivial prediction mechanism
based on historical items. Designed to tackle continuous input, it discretises
item sizes into types and forms bin patterns as a combination of di erent
kinds of items. Based on historical data, it regularly generates plans con-
structively to guide online packing adaptively. Its experimentation shows
advantages when dealing with some distributions without prior knowledge.
However, the discretisation and planning mechanism is designed conserva-
tively to avoid bin over ow, which can lead to excessive wasted space in the
solution and lowered consistency. Also, the performance of the algorithm
largely depends on the chosen parameters. A more exible mechanism may

be needed to reduce waste in patterns and suit more input distributions.

To overcome the limitations above, in this chapter, we introduce a new algo-
rithm called FPP, which directly extracts patterns from an o ine solution
and adopts the fuzzy classi cation system from Section 4.2 to perform the
bin selection process. Experiments are conducted to compare its perfor-
mance with PaP, PrP and its variants, as well as some classical heuristics.
We also introduce and evaluate VFPP, a modied version of the FPP
algorithm with DBSCAN clustering, which can handle multi-dimensional
input. While the Wor operator (Chapter 4) advances uncertainty handling
in Interval Type-2 fuzzy systems, this chapter adopts Type-1 fuzzy logic
for the FPP/VFPP framework to prioritise computational e ciency and
interpretability in online packing decisions. Future work may explore inte-
grating T2 FLS with the Wor operator to enhance robustness in dynamic

environments.

The rest of the chapter is organised as follows. Section 5.2 introduces the
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FPP algorithm. Section 5.3 evaluates the FPP algorithm on classical online
bin packing benchmarks. Section 5.4 introduces the VFPP algorithm, a
variation of FPP. Section 5.5 evaluates the VFPP algorithm on Vector

BPP benchmarks.

5.2 A pattern-based algorithm with fuzzy

logic bin selector

Algorithm 5  Pattern-based Online Bin Packing Algorithm with Fuzzy Logic
Bin Selector
1: function Main

2: initialize the item recorder sample . max sizeNy
3: initialize pattern list patterns . N s npof integers
4: initialize pattern plan plan . n p of integers
5: initialize bin waiting list | . N's np of multi-sets
6: initialize avg. item sizespSizes . Ns np of integers
7 initialize a collection of Best-Fit bins By,

8: while there is unpackeditem do . fetch next item from input
9: counter  counter +1

10: Push (sample;item) . record item
11: Pack (plan; patterns; B p; I;item; ...)

12: if Size(sample) = Ny then

13: plan; patterns; pSizes Update (sample)

14: push bins in | into By . pattern bins turn to BF bin

15: clear sample and |

FPP improves PaP in pattern generation and bin selection. Algorithm 5
shows the general framework of our proposed approach, which is mostly
inherited from PaP. Initially, when an item is received, it is packed into

a bin by BF with its size recorded into the sample. After the sample size
reachesN,, a new pattern list and plan would be generated based on the
sample. Recall that a pattern is a combination of di erent types of items;
each pattern has a quota to limit usage; a plan is a list of quotas for all
extracted patterns. For the nextN, items, they would guide the packing.

There are two parameters: sample siZd, and number of sectiondNs. Ny
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is not needed for con guration, as we have a variable number of patterns

np.

5.2.1 Key data-structures

The key data-structures are as followssample is a vector of maximum
length N,. sample represents the size of the-th recorded item. Pattern
list patterns is a matrix with width of Ng and dynamic row countn,.
patterns; is the i-th pattern; patterns; is the number of typej item in
the i-th pattern. plan is a vector of lengthn,. plan; refers to the quota of
the i-th pattern, i.e., how many times the pattern could be applied to bins.
Bin waiting list | is a matrix of multi-sets, with width Ng and dynamic row
count np. ljj is a multiset of bins followingi-th pattern, waiting for type- |
items. The multiplicity of a bin in the multi-set indicates how many items

of this type it is waiting for.

5.2.2 Generating patterns and plans

To calculate patterns and plan, instead of having a computer-generated
pattern list with a maximum size of each pattern strictly equal toC, the
new algorithm adopts an o ine algorithm to work out an optimal solution,
from which patterns are extracted. In this way, the pattern list and plan
could be seen as a generalised form of the optimal solution, guiding the
following packing towards optimality. Algorithm 6 describes the planning
process. The bins in the optimal solution are grouped based on the type
of items they contain. Each group of bins creates a pattern. For each
pattern, the frequency of bins would be the quota of the pattern. Also,

the average size of each item type of each pattern is logged to aid future
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Algorithm 6  PatternPlanUpdate

1: function Update (sample)
2: OPT  an optimal solution of sample

3: initialize plan

4; initialize patterns

5: initialize pSizes

6: for each binbin OPT do

7 initialize curP attern . N ¢ of integers
8: for eachitem in bdo . identify pattern of b
9: s Caeil (item=C=Ny) . round-up
10: curPatterng curPatterng+1

11: curSizess  curSizesg + item

12: i FindMatch (curP attern; patterns )

13: if i is found then . pattern already identi ed
14: plan; plan; +1

15: else . new pattern identi ed
16: Push (patterns; curP attern )

17: Push (plan; 1)

18: i index of the last element in patterns

19: for j 1 to Ng do . accumulate item sizes
20: pSizes; < pSizes; + curSizes;

21: for i 1 to Size(patterns) do

22: for j 1to Ng do . calculate avg. size
23: pSizes; < pSizes; =plan;

return plan; patterns; pSizes

decision-making. The extracted patterns have a possibility to cause bin
over ow. For example, an oine solution may contain f0:48,0:51g and
f0:47,0:52g; under C = 1 and Ng = 4, they belong to pattern fS,; Ss0.
The pattern requires a space of :25 at most, which is greater thanC.
Trivial approaches, such as placing the pattern bins in queues, may produce

invalid results.

5.2.3 Packing with bin selecting

To resolve the possibility of bin over ow, a selection mechanism is designed
in the packing process (Algorithm 7). Instead of placing opened pattern
bins in waiting queues, multi-sets (lists) are used to store bins of a specic

pattern, which wait for a speci c type of item. Note that duplication is
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allowed as a pattern may contain several items of the same type. Random

access is also not required. For an incoming item, a bin is a potential bin if

Algorithm 7 Pack Item

1: function Pack (& plan; patterns; &By,; I;item; ::;)
2: s Ceil (item=C=Ng)

3: B  FindAllPotentialBins (Bp; I;item)

4; initialize fitness with Size(B)

5: for i 1to Size(B) do

6: fitness CalcFitness (Bj;item;:::)

7: targetBin the bin with the highest tness value
8: if targetBin is a BestFit bin then

9: Packin (targetBin;item )

10: if targetBin is a new binthen

11: Push (Bp, targetBin )

12: else

13: Packin (targetBin;item )

14: planp, plan, 1

15: p GetPID (targetBin) . pattern index
16: if targetBin is a new binthen

17: for i 1 to Ng do

18: for j 1 to patternsy; do

19: Push (l;; ; &targetBin ) . towait in |
20: s Ceil (item=C=Ng)

21: Erase (lps; targetBin )

22: if targetBin has been packed to fullthen

23: Push (By; targetBin )

it is a pattern bin waiting for the item or a BestFit bin with su cient space.
We also virtually create empty pattern bins or BestFit bins. All potential
bins with su cient remaining space would be gathered for selection, based
on a tness value, generated with the Mamdani fuzzy classi cation system,

proposed in 4.2.

Due to BPP's NP-hard nature and time-intensive exact solution search, it
is impractical to call an exact solver frequently in exhaustive tests. Similar
to PrP, which uses FF for online fallback and FFD for o ine solutions in

implementation, we adopt BFD solutions to approximate optimal.
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5.3 E ectiveness of the FPP algorithm on

classical benchmarks

5.3.1 Datasets

In this section, we would describe the datasets we used in the problem
instance generation. Overall 10 problem instances are generated. The
rst 4 are locally generated, based on the distribution con guration taken
from (Lin et al., 2022); the others follows the adoption of (Angelopoulos
et al., 2022, 2021). For the experiments, we compare our novel algorithm

with PaP and PrP separately, with 10 input sequences.

Instances 1 to 4

Datasets 1 to 4 were used by Lin et al. (2022) to demonstrate the per-
formance of PaP with continuous input item size over xed distribution.
They are regular distributions generated with standard library functions in
C++. Since PrP is designed for discrete problem input, we would not test

it on these datasets.

(Lin et al., 2022) created four problem instances for algorithm evaluation.
These problems are based on uniform distribution and triangular distribu-
tion. The bin capacity is 1¢, and the number of items is set to 10 The
problem instance is created by C++ standard library functionsmt19937
and piecewise _linear _distribution . The con gurations are detailed in

Table 5.1.
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BENCHMARKS
p Distribution Parameters( 10°)
Type Min Mode Max Seed
1  Uniform 3.0 NA 6.0 1
2 Triangular 3.0 4.5 6.0 0
3 Uniform 20 N/A 6.0 1
4  Triangular 2.0 4.0 6.0 0

Table 5.1: Speci cation for instance 1-4.

Instances 5 to 10

Datasets 5 to 10 were previously adopted by Angelopoulos et al. (2021,
2022) to assess the performance of PrP under discrete input.
BENCHMARKS

These instances are based on two types of benchmarks. The rst type
(Dataset 5) is based on the Weibull distribution, and was rst studied by
Castineiras et al. (2012) as a model of several real-world applications of
bin packing, e.g., the 2012 ROADEF/EURO Challenge on a data centre
problem provided by Google and several examination timetabling prob-
lems. The Weibull distribution is speci ed by two parameters: the shape
parameter sh and the scale parametesc (with sh;sc > 0 ). The shape
parameter de nes the spread of item sizes: lower values indicate greater
skew towards smaller items. The scale parameter, informally, has the ef-
fect of stretching out the probability density. In our experiments, we chose
sh 2 [1:0;4:0]. This is because values outside this range result in trivial
sequences with items that are generally too small (hence easy to pack) or
too large (for which any online algorithm tends to open a new bin). The
scale parameter is not critical, since we scale items to the bin capacity; we

thus setsc= 1000, in accordance with (Castineiras et al., 2012).

The second type of benchmarks (Dataset 6-10) is from the BPPLIB Bin

Packing Library (Delorme et al., 2018). This is a collection of bin packing
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benchmarks used in various works on (o ine) algorithms for bin packing.
We report experimental results for di erent benchmarks of the BPPLIB
Bin Packing Library, in particular the benchmarks \GI"(Gschwind and Ir-
nich, 2016), \Schwerin"(Schwerin and Wascher, 1997), \Randomlysener-
ated"(Delorme et al., 2016), \Schoen eldHard28" and \Wascher"(Wascher
and Gau, 1996). Each benchmark consists of multiple problem instances

for o ine BPP.

INPUT GENERATION

The problem generator (Kamali, 2021) converts the o ine problems above
into online input sequences consisting of $Gtems with bin capacity 100.

It is because these datasets could not be directly used without shu ing and
normalisingn and C in advance. It scales down each item to the closest
integer in [1; 100]. Their choice is relevant for applications such as Virtual

Machine placement. We generate two classes of input sequences.

Sequences from a xed distribution. For Weibull benchmarks, the
input sequence consists of items generated independently and uniformly at
random, for the shape parameter set teh = 3:0. For BPPLIB benchmarks,
each item is chosen uniformly and independently at random from the item
sizes in one of the benchmark les; this le is also uniformly selected at

random.

Sequences from an evolving distribution. Here, the distribution of

the input sequence changes every 50000 items. Namely, the input sequence
is the concatenation of 10=50000 subsequences. For Weibull benchmarks,
each subsequence is a Weibull distribution, whose shape parameter is cho-
sen uniformly at random from [1.0,4.0]. For BPPLIB benchmarks, each
subsequence is generated by selecting a le uniformly at random, then gen-

erating 50000 items uniformly at random from that specic le.
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5.3.2 Experimental Results

Comparison to PatternPack

In this experiment, our objective is to uncover enhancements in both per-
formance and insensitivity to parameters, compared to the initial pattern-
based online BPP algorithm PaP, under continuous item sizes. The overall
performance of the algorithm on numerous parameter settings would be
evaluated by comparing the average and standard deviation on the bin us-
age as well as the comparison to BF and BFD. We will also observe whether

there exists a set of parameters that works stably across di erent test cases.

During the experiment, we employ iterative assessments across all possi-
ble settings ofNs and N, for the PaP algorithm. These evaluations are
conducted on the same benchmark con gurations as those detailed in (Lin
et al., 2022), includingn = 10°, N = 250, and C = 10%. The range forNg
spans from 10 to 45. We have excluded tests witks values below 10 due
to the considerably reduced performance of PaP in such scenarios. Addi-
tionally, tests with Ng values surpassing 45 have been omitted to mitigate

the exponential growth of computer-generated patterns. WheNg > 45,

Alg. Eyal. on Test Case Average
Bin Usage w @ @ @

FPP  Average 47513 49502 41431 42821 45317

(36 Std. Dev. 91 53 82 97 81

confs) Surpassing BF 36 36 36 36 36(100%)
Average 48760 47308 45857 44406 46583

PaP  Std. Dev. 696 125 639 477 484

(1224 Surpassing BF 671 695 616 154 534(44%)
confs) Equivalent to BF 469 479 469 480  474(39%)
Inferior to BF 84 50 139 500 216(18%)

Table 5.2: Statistic comparison of bin usage of PaP and FPP across various
con gurations and test casesN, = 250;n = 10° and C = 10%.
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Figure 5.1: Bin usage comparison between PaP and FPP, over 4 test cases.
Results of PaP are plotted as a function oN, and N, results of FPP as

a function of N, results of BF and BFD as constants.N, = 250; n = 10°
and C = 10*. The closer the bin usage to BFD, the better.

the potential generation of over 1®patterns could lead to impractical com-
putational demands. For the same reason, the scope fNf, encompasses
values between 2° and 217 logarithmically. Note that FPP does not su er
from such computational di culty as it only extracts patterns that appear

in o ine solutions.

The results indicate a signi cant advantage with FPP. Finding an adapt-
able con guration is easier compared to PaP. Table 5.2 summarises the
results statistically, across all tested con gurations. The performance and

stability of FPP largely outperformed PaP, as indicated by lower average

115



5.3. EFFECTIVENESS OF THE FPP ALGORITHM ON CLASSICAL
BENCHMARKS

and standard deviation of bin usage for each case. All FPP con gurations
surpassed BF. In contrast, PaP displayed lower and more erratic perfor-
mance. For instances (1)-(3), it produced moderate results, with most
con gurations better than BF. Many con gurations equalled BF, while

some did worse. However, for instance (4), the trend reversed, with a large

portion of con gurations exhibiting worse performance versus BF.

Figure 5.1 depicts three-dimensional response surfaces for the two algo-
rithms across various parameter combinations on the di erent test cases.
It further reveals the superior performance and the insensitivity to param-
eters of the new algorithm. Concerning PaP, higher values df, and N
generally correlated with enhanced performance over BF; however, excep-
tions exist, as evidenced in problem (4), where elevated settings led to un-
satisfactory results, even underperforming BF. Therefore, PaP is noticeably
sensitive to parameters. A single parameter set may not adapt e ectively to

a wide array of distributions. On the contrary, FPP consistently surpassed
BF across all parameter settings. FPP also exhibits diminished sensitiv-
ity to uctuations in Ng, as its results maintained modest variability with
varying Ns values. It aligned its results more closely with the o ine BFD
outcomes, even occasionally surpassing BFD, as observed in the result of

problem (4) of Figure 5.1.

Comparison to Pro lePacking

In the experiment, we compare the performance of PrP and FPP under
both xed distribution and evolving distribution, over discrete input. Since
the raw algorithm output - bin usage - has a wide range for di erent test
cases, for evaluation, we adopt \performance gap", which is the di erence of

bin usage to an o ine baseline algorithm. Similar to the regret, introduced
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5.3. EFFECTIVENESS OF THE FPP ALGORITHM ON CLASSICAL
BENCHMARKS

in Section 2.2.1, the gap is assessed in both a relative and an absolute
manner. The closer the performance gap is to O, the better. We use
FFD as the baseline, following (Angelopoulos et al., 2022), with problem
settings: n = 108 and C = 102

FIXED DISTRIBUTION

These tests are conducted under an ideal setting, where the distribution
is stable. The result could illustrate the di erence in consistency, i.e. the

performance under accurate prediction, between both algorithms.

Two algorithms are tested with various con gurations. On the PrP side,
the setting is identical to their paper. Both original algorithm and its
Hybrid( ) are tested with = f0:5;0:75;1:0g. The prediction is generated
by randomly selecting items from the input sequence, prior to packing.
The most accurate prediction (least error) are taken for comparison. On
the FPP side, we tested\s = f50,100y. We use FPP(\;) to denote FPP
with di erent Ns. We setN, = 104, to enable regular pattern extraction
from the historical data. Note that, the prediction is solely based on the

previously packed items without prior knowledge, i.e. the rst 10 items

Absolute Performance Gap to FFD ( 1%, Bin Usage)

Algorithm

Weibull Gl Schwerin Rand. Hard28 Wascher
FFD 0.0 0.0 0.0 0.0 0.0 0.0
FF 129.0 116.1 164.8 144.3 103.4 354
BF 126.1 99.2 164.8 124.9 96.4 34.3

PrP(0.5) 77.1 67.5 127.3 82.2 70.3 26.8
PrP(0.75) 50.2 44.0 120.4 51.4 543 22.2
PrP(1.0) 23.6 58.9 102.6 57.3 63.8 29.4
FPP(100) 33.6 364 1156 450 41.3 25.3
FPP(50) 509 364 120.3 87.6 68.1 31.1

Table 5.3: Performance gap comparison for discrete input under xed dis-
tributions among di erent algorithms. The performance gap is the bin
usage more than FFD. PrP is tested with = f0:5;0:75 1:09. FPP is
tested with Ng = 50,100y and N, = 10%. A lower gap indicates better
performance.
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